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2 . 2 . Nor t h - Sou t h Tr ade and t he Dynam i cs
o f t he Env i ronmen t

1 . I n t roduc t i on

Th i s pape r deve l ops a dynam i c mode l o f Nor t h - Sou t h t r ade i n w
env i ronmen t p l ays an i mpor t an t ro l e . Our mode l i s based on Ch i ch
Nor t h - Sou t h mode l f or t he mac roeconom i c i n t e r ac t i on be t ween t wc
o f t he wor l d economy. The l a t t e r was i n t roduced i n a s t a t i c con t e )
We i n t roduce dynam i cs i n t he or i g i na l Nor t h - Sou t h mode l by a l l o ,
endogenous accumu l a t i on o f cap i t a l . As a second ex t ens i on o f [1] ,
duce he r e a va r i ab l e wh i ch r epr esen t s t he sys t em o f prope r t y r i gh
env i ronmen t a l asse t wh i ch i s used as an i npu t t o produc t i on . I Th i s
cou l d r epr esen t , f or examp l e , t he prope r t y r i gh t s on f or es t s f rom wh i
i s ex t r ac t ed t o be used as an i npu t t o t he produc t i on o f t r aded good

prope r t y r i gh t s on wa t e r wh i ch i s s i m i l a r l y used , pe rhaps f or agr
goods f or expor t .

The pape r exp l a i ns ma t hema t i ca l l y and t hrough s i mu l a t i ons t he d
o f a t wo - r eg i on wor l d . The r e a r e t wo produced goods and t wo i
produc t i on . Cap i t a l i s one i npu t : i t accumu l a t es i n t he t wo r eg i ons
t i me as a f unc t i on o f pro f i t s . We show t ha t as we va r y t he prope r t y 1
t he env i ronmen t t he dynam i cs o f t he sys t em changes . The l ess we l l
a r e t he prope r t y r i gh t s , t he mor e chao t i c a r e t he mode l ' s dynam i cs .

The mode l s wh i ch r esu l t bea r some s i m i l a r i t y t o one c r ea t ed by J
Neumann i n 1932 and ex t ended by R i cha rd Goodw i n i n 1990 [12 , ch
We es t ab l i sh , i n a sequence o f s t eps , t ha t t hese mode l s a r e va r i an
coup l ed l og i s t i c maps s t ud i ed i n seve r a l r ecen t pape r s , f or examp l e , [
i dea i s t o a l t e r [1] t o a l l ow cap i t a l accumu l a t i on t hrough t i me , assun
t he approach t o equ i l i br i um f o l l ows r ap i d l y. New equa t i ons a r e i n t ro
our mode l , wh i ch a r e no t f ound i n [1] or [3] . These equa t i ons des i
evo l u t i on o f cap i t a l s t ock t hrough t i me by accumu l a t i on and depr ec i

77
G . Ch i ch i l n i sky e t a l. ( eds ) , Sus t a i nab i l i t y : Dynam i cs and Unce r t a i n t y , 77 - 107 .
© 1998 K l uwe r Academ i c Pub l i she r s. Pr i n t ed i n t he Ne t he r l ands .



78

�

R. Abr aham e t a l .

The ou t l i ne o f t he pape r3 and t he ma i n r esu l t s a r e as f o l l ows . I n Sec t i on 2 we
i n t roduce some use f u l no t a t i on , and i n Sec t i on 3 t he s t a t i c Nor t h - Sou t h mode l
[1] i s r eca l l ed . Fo l l ow i ng t ha t , we deve l op i n Sec t i on 4 a r a t he r s i mp l e one -
d i mens i ona l mode l wh i ch i s pedagog i ca l l y use f u l because i t an t i c i pa t es t he
ma t hema t i ca l s t ruc t ur e o f our ma i n mode l . We ana l yze i t s dynam i ca l behav i or
i n a sequence o f propos i t i ons , and con f i rm t h i s behav i or t hrough s i mu l a t i on .
Th i s dynam i ca l behav i or i s essen t i a l l y equ i va l en t t o t he l og i s t i c map , and i s
s i m i l a r t o t ha t wh i ch w i l l be f ound l a t e r i n our ma i n mode l . I n Sec t i on 5 . 2
we i n t roduce our ma i n ( t wo - d i mens i ona l ) mode l , and es t ab l i sh i t s dynam i c
behav i or t hrough s i mu l a t i on . We f i nd a ve r y r i ch dynam i c behav i or , w i t h an
ex t ens i ve web o f b i f ur ca t i ons con t ro l l ed by t he env i ronmen t a l prope r t y r i gh t s
pa r ame t e r s . We f i nd chao t i c a t t r ac t or s , and chao t i c sepa r a t r i ces . Tha t i s , t he
bas i ns o f a t t r ac t i on f orm a f r ac t a l s t ruc t ur e . I n Sec t i on 6 , t he conc l us i ons ,
we i n t e rpr e t our r esu l t s i n t he broade r con t ex t o f Nor t h - Sou t h t r ade and t he
env i ronmen t .

1 . 1 . The Dynam i c Nor t h - Sou t h Mode l

Our dynam i c mode l i s based on [ I ] , bu t w i t h a ma j or ex t ens i on . Two f un -
damen t a l equa t i ons a r e added t o t hose o f [1] , wh i ch endogen i ze t he changes
i n cap i t a l s t ock i n t he t wo r eg i ons t hrough t i me . We f i r s t exp l a i n i n t u i t i ve -
l y how t he dynam i ca l mode l i s de f i ned , and f o l l ow i ng t h i s we prov i de t he
ma t hema t i ca l de f i n i t i ons .

The dynam i ca l mode l i s cons t ruc t ed i t e r a t i ve l y as f o l l ows . S t a r t f rom g i ven
va l ues o f t he exogenous pa r ame t e r s o f t he Nor t h - Sou t h mode l ' o f [1] . The
vec t or o f i n i t i a l l eve l s o f cap i t a l s t ocks i n t he t wo r eg i ons i s a t wo - d i mens i ona l
pa r ame t e r , wh i ch w i l l be t he i n i t i a l va l ue ( f or t = 1) o f our dynam i ca l sys t em
i n t he p l ane . Now so l ve t he s t a t i c Nor t h - Sou t h mode l ana l y t i ca l l y . ' The
so l u t i on g i ves us , i n t e r a l i a , t he equ i l i br i um va l ue o f GNP i n each r eg i on . b So
f a r t he mode l i s s t a t i c , and i den t i ca l t o t ha t i n [1] . How does our dynam i ca l
sys t em move i n t he p l ane f rom pe r i od t = 1 t o pe r i od t = 2? To de f i ne
t he dynam i cs we w i l l i n t roduce t wo new equa t i ons , one i n each r eg i on , bo t h
depend i ng on t he cor r espond i ng equ i l i br i um l eve l o f GDP i n t he r eg i on i n
pe r i od t = 1 . These equa t i ons exp l a i n how cap i t a l accumu l a t es : a propor t i on
o f GDP i n t = 1 i s saved and i nc r eases pr ev i ous pe r i od cap i t a l s t ock , wh i l e
some o f t he o l d cap i t a l depr ec i a t es . F rom t hese equa t i ons one upda t es cap i t a l
s t ocks and ob t a i ns a new se t o f exogenous pa r ame t e r s f or t he ( s t a t i c ) Nor t h -
Sou t h mode l f or t = 2 . These d i f f e r f rom t he pr ev i ous se t ( f or t = 1) on l y
w i t h r espec t t o t he i n i t i a l cap i t a l s t ocks , wh i ch have now va r i ed accord i ng t o
our t wo new equa t i ons . The new cap i t a l s t ocks f or t he Nor t h and t he Sou t h
de f i ne a t wo - d i mens i ona l vec t or desc r i b i ng t he pe r i od t = 2 va l ue o f our
dynam i ca l sys t em . Now so l ve t he ( s t a t i c ) Nor t h - Sou t h mode l f or t h i s new se t
o f exogenous pa r ame t e r s , and ob t a i n GDP f or pe r i od t = 2 . I t e r a t i ng t h i s
procedur e de f i nes t he dynam i ca l sys t em i n t he p l ane f or eve r y pe r i od t > 1 .
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The f o l l ow i ng i s t he ma t hema t i ca l f ormu l a t i on o f t he procedur e exp l a i ned
above .

Our f i r s t goa l i s t o de f i ne t he t wo new cap i t a l accumu l a t i on equa t i ons wh i ch
add t o t he equa t i ons o f t he ( s t a t i c ) Nor t h - Sou t h mode l and ob t a i n , f rom t hese
t wo new equa t i ons , a t wo - d i mens i ona l d i sc r e t e dynam i ca l sys t em , gene r a t ed
by an endomorph i sm o f t he p l ane , T : R2 + R2 . The t wo new equa t i ons a r e :

KN ( t + 1) + = 8N (GNPN ) + (1 - SN )KN ( t ) ,

�

(1 . 1 . 1)

Ks ( t + 1)+ = ss (GNPs ) + (1 - bs )Ks ( t ) .

�

(1 . 1 . 2)

Equa t i on (1 . 1 . 1) desc r i bes cap i t a l accumu l a t i on t hrough t i me i n t he Nor t h ,
and (1 . 1 . 2) i n t he Sou t h . These equa t i ons a r e s t anda rd , and a r e i n t e rpr e t ed
as f o l l ows . Equa t i on (1 . 1 . 1) exp l a i ns cap i t a l s t ock a t t i me t + 1 i n t he Nor t h
(N ) as t he sum o f cap i t a l s t ock i n t he pr ev i ous pe r i od i n t he Nor t h , KN ( t ) ,
m i nus t he pa r t o f t h i s wh i ch i s depr ec i a t ed ON i s t he depr ec i a t i on f ac t or i n
t he Nor t h ) p l us sav i ngs , wh i ch i s t he sav i ngs r a t e i n t he Nor t h , SN , t i mes t he
gross na t i ona l produc t i n t he Nor t h , GNPN .

I n orde r t o de t e rm i ne our t wo - d i mens i ona l d i sc r e t e dynam i c sys t em we
need t o de f i ne f rom t hese equa t i ons an endomorph i sm o f t he p l ane , T : R2
R2 . The depr ec i a t i on and sav i ngs r a t e a r e exogenous l y g i ven pa r ame t e r s . Bu t
how do we de t e rm i ne GNP i n t he t wo r eg i ons f or any g i ven va l ues o f t he
cap i t a l s t ocks i n each , cons i de r i ng t ha t t hey t r ade w i t h each o t he r t hrough t he
i n t e rna t i ona l ma r ke t ?

The so l u t i on t o t h i s prob l em i s one o f t he ma i n con t r i bu t i ons o f our pape r :
t he spec i f i ca t i ons o f t he GNP va r i ab l es as t he so l u t i ons o f t wo s i mu l t aneous
ma r ke t equ i l i br i um prob l ems . He r e i s whe r e we use [1] . The comb i na t i on o f
Equa t i ons (1 . 1 . 1) and (1 . 1 . 2) w i t h t he Nor t h - Sou t h t r ade mode l i s done he r e
f or t he f i r s t t i me , and we ca l l t h i s t he dynam i c Nor t h - Sou t h mode l .

How do we ob t a i n an endomorph i sm o f t he p l ane f rom t he t wo equa t i ons
f or cap i t a l accumu l a t i on? We s t a r t w i t h i n i t i a l va l ues o f t he t wo cap i t a l s t ocks ,
one f or each r eg i on , KN and Ks . The s t a t i c Nor t h - Sou t h mode l so l ves t he
wor l d economy equa t i ons f rom t he f o l l ow i ng i n i t i a l pa r ame t e r s : cap i t a l and
l abor supp l y , t echno l og i es and demand i n each r eg i on . He r e , f or t he dynam i c
Nor t h - Sou t h mode l , we assume i ns t ead t ha t cap i t a l and l abor supp l y and
t echno l og i es a r e i n i t i a l l y g i ven i n each r eg i on .

I n each r eg i on , a t t i me t , we so l ve f u l l y t he s t a t i c Nor t h - Sou t h mode l a t t i me
t and ob t a i n GNP a t t i me t . F rom t h i s , i n t urn , we compu t e t he cap i t a l s t ocks ,
a t t i me t + 1 , us i ng our new dynam i c equa t i ons f or cap i t a l accumu l a t i on ,
( l . l . l ) and (1 . 1 . 2) .

The procedur e can be summa r i zed as f o l l ows . The s t a t i c Nor t h - Sou t h mod -
e l de t e rm i nes endogenous l y f i ve pr i ce va r i ab l es and s i x t een quan t i t y va r i ab l es .
I t has t wo goods t r aded i n t e rna t i ona l l y (bas i c goods , B , and i ndus t r i a l goods ,
I ) and t wo f ac t or o f produc t i on ( cap i t a l , K , and l abor , L ) . The pr i ce va r i ab l es
a r e t he i n t e rna t i ona l t e rms o f t r ade f or t he t wo t r aded goods B and I , deno t ed
byPB andpr , ( t hese a r e r educed t o one by t he norma l i z i ng assump t i onpr = 1 ,
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and hence f or t h p = PB) , and t he pr i ces o f l abor and r en t a l o f cap i t a l i n each
r eg i on , deno t ed w and r . Techno l og i es a r e d i f f e r en t i n t he t wo r eg i ons so t ha t
t he r ewa rds t o l abor and t o cap i t a l a r e a l so d i f f e r en t . The s i x t een quan t i t i es
wh i ch a r e endogenous l y de t e rm i ned a r e : supp l y and demand f or t he bas i c
and i ndus t r i a l goods , emp l oymen t o f f ac t or s i n t he t wo sec t or s , i mpor t s and
expor t s o f bo t h goods , a l l i n each o f t he t wo r eg i ons . F rom t hese endogenous
va r i ab l es we ob t a i n an expr ess i on f or t he des i r ed GNP i n each r eg i on . By
de f i n i t i on , GNP i s t he va l ue o f t he gross na t i ona l produc t , t ha t i s , t he va l ue o f
a l l ou t pu t s m i nus a l l i npu t s (o f B and I ) compu t ed a t t he equ i l i br i um ma r ke t
pr i ces , p . These a r e t he pr i ces a t wh i ch a l l ma r ke t s c l ea r . Reca l l t ha t pa r t o f
t he produc t i on o f each coun t r y i s consumed i n t he o t he r coun t r y , and t ha t
r e l a t i ve pr i ces p have ad j us t ed t o pe rm i t t h i s t r ade and t o c l ea r ma r ke t s , so
t ha t i mpor t s equa l expor t s i n each o f t he t wo t r aded goods . The r esu l t i s an
equ i l i br i um l eve l o f GNP i n each r eg i on ,

GNPN = pBN +

�

(1 . 1 . 3)I N ,

GNPs = pBs + I S .

�

(1 . 1 . 4)

He r e p , Bs , and I s a r e de t e rm i ned as t he so l u t i on o f a sys t em o f 22 s i mu l -
t aneous equa t i ons i n 22 va r i ab l es , as i n t he s t a t i c Nor t h - Sou t h mode l , Th i s
i s exp l a i ned i n Sec t i on 5 . 2 be l ow. The r e f or e , f or each va l ue o f cap i t a l s t ock
we have assumed an i ns t an t aneous ad j us t men t t o an equ i l i br i um i n t he s t a t i c
Nor t h - Sou t h mode l .

F rom a l l t h i s we ob t a i n t he GNP i n each r eg i on a t t i me t . The t wo dynam i c
equa t i ons (1 . 1 . 1) and (1 . 1 . 2) t hen prov i de cap i t a l s t ocks i n t he t wo r eg i ons a t
t he nex t pe r i od , t + 1 . Our p l ane endomorph i sm , T , i s now we l l de f i ned.

The equa t i ons desc r i b i ng GNP i n each r eg i on a r e non l i nea r . The r e f or e ,
t he endomorph i sm T i s non l i nea r as we l l . I n t he f o l l ow i ng we sha l l s t udy i t s
qua l i t a t i ve prope r t i es and expe r i men t w i t h s i mu l a t i ons dep i c t ed gr aph i ca l l y.
Bu t be f or e ana l yz i ng t he mode l , i t w i l l be use f u l t o exp l a i n t he connec t i ons
w i t h t he env i ronmen t .

1 . 2 . Nor t h - Sou t h Tr ade and t he Env i ronmen t

The env i ronmen t appea r s i n t h i s mode l as one o f t he i npu t s , or f ac t or s o f pro -
duc t i on . Wh i l e i n t he or i g i na l Nor t h - Sou t h mode l t he t wo f ac t or o f produc t i on
a r e l abor and cap i t a l , r ecen t l y [4] t he mode l has been ex t ended t o t hr ee f ac -
t or s o f produc t i on , one o f wh i ch i s a na t ur a l r esour ce , such as wa t e r f rom
an aqu i f e r , or f i sh f rom a common body o f wa t e r , or wood f rom a common
f or es t . I n t he or i g i na l Nor t h - Sou t h mode l t he behav i or o f a ce r t a i n pa r ame t e r
a - r epr esen t i ng t he supp l y r esponse o f a f ac t or t o i t s pr i ce - i s shown t o be
c ruc i a l i n exp l a i n i ng t he pa t t e rns o f t r ade be t ween t he t wo r eg i ons , i nc l ud i ng
t he t e rms o f t r ade and t he ga i ns f rom t r ade . Fur t he rmor e , i n [4] , t he abso l u t e

va l ue o f t h i s pa r ame t e r i n t he Sou t h , as , i s proven t o va r y w i t h t he prope r t y

Nor t h - Sou t h

r i gh t s r eg i me f or t he r esour
f or t he produc t i on o f t he t r a
o i l ) . I t i s , t he r e f or e , o f i n t o
mode l w i t h d i f f e r en t prope
d i f f e r en t va l ues o f aN and
abou t prope r t y r i gh t s . I t v
prope r t y r i gh t s a r e we l l de f
examp l e , [4] pr ed i c t s t ha t a
t o t he l oca l s o f t he r a i n f or e
i mprove t he t e rms o f t r ade
i t s r a i n f or es t .

We now app l y our mod (
t he env i ronmen t and t r ade

prope r t y r esour ce wh i ch i ,
Examp l es a r e : r a i n f or es t s ,
t he produc t i on o f env i ronn
t r aded , such as : wood prod
soya beans , pa l m o i l ) . I n c
ronmen t a l i npu t used , t oge
i ndus t r i a l goods , B and I .
sec t i on .

As a l r eady men t i oned ,
a , t he r esponse o f t he s t
[3] , t h i s pa r ame t e r was sh
( equ i l i br i a ) . He r e , a w i l l p
on t he env i ronmen t a l r eso l
we l l de f i ned , and l a rge r w
popu l a t i on has we l l - de f i ne
wh i ch i s an i npu t t o t he pr
E w i l l be ha r ves t ed mor e
a l a rge r i nc r ease o f t he pr i
r i gh t s on t he r a i n f or es t a r e
t h i s f ac t appea r i n [5] as
a r e i l l - de f i ned , a i s l a rge : i
and t he f or es t may be des
r epr esen t s t he va l ue o f t he

I t has been shown i n [4

t e r va l ua t i on o f sca r ce r e
Pha rmaceu t i ca l s , I nc . and
have en t e r ed i n t o agr eem(
prospec t i ng b i od i ve r s i t y s ,
t r i es . The b i od i ve r s i t y sa i

pha rmaceu t i ca l s ( examp l e
w i nk l e wh i ch t r ea t s Hodg )



and r en t a l o f cap i t a l i n eachr en t i n t he t wo r eg i o ns so t ha tf e r en t . The s i x t een
quan t i t i es, l y and demand f or t he bas i ct he t w sec t or s

~po~ and; i ons.
o ,

F rom t hese endogenous
i ced GNP i n each r eg i on

8
3 l produc t , t ha t i s , t he Va l ue fz t ed a t t he equ i l i br i um

ma r ke tr ke t s c l ea r . Reca l l t ha t pa r t o fi n t he o t he r coun t r y , and t ha t -
t r ade and t o c l ea r ;
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a r ke t s , so
t r aded goods ; The r esu l t i C h `

a t i on o f a sys t em o f
Fa t i c Nor t h - Sou t h rn i

For each va l ue . ? f ~w
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r i gh t s r eg i me f or t he r esour ce ( such as l and ) . Th i s r esour ce i s used as an i npu t
f or t he produc t i on o f t he t r aded goods ( such as cash c rops : co f f ee , co t t on pa l m
o i l ) . I t i s , t he r e f or e , o f i n t e r es t t o s i mu l a t e t he behav i or o f t he Nor t h - Sou t h
mode l w i t h d i f f e r en t prope r t y r i gh t s f or t h i s env i ronmen t a l r esour ce , t ha t i s ,
d i f f e r en t va l ues o f aN and as . These pa r ame t e r s con t a i n c ruc i a l i n f orma t i on
abou t prope r t y r i gh t s . I t was shown i n [4 - 6] t ha t as i s sma l l e r when t he
prope r t y r i gh t s a r e we l l de f i ned , and i s l a rge r when t hey a r e i l l - de f i ned. As an
examp l e , [4] pr ed i c t s t ha t a r eg i me o f prope r t y r i gh t s wh i ch g i ves be t t e r r i gh t s
t o t he l oca l s o f t he r a i n f or es t ( f or examp l e , i n Gua t ema l a and Ecuador ) cou l d
i mprove t he t e rms o f t r ade on cash c rops and con t ro l t he ove r exp l o i t a t i on o f
i t s r a i n f or es t .

We now app l y our mode l t o exp l a i n t he f undamen t a l connec t i on be t ween
t he env i ronmen t and t r ade . We w i l l l ook a t t he env i ronmen t as a common
prope r t y r esour ce wh i ch i s used as an i npu t t o produc t i on i n bo t h r eg i ons .
Examp l es a r e : , r a i n f or es t s , bod i es o f wa t e r , or f i she r i es . These a r e i npu t s t o
t he produc t i on o f env i ronmen t a l l y i n t ens i ve goods wh i ch a r e i n t e rna t i ona l l y
t r aded , such as : wood produc t s , i ndus t r i a l ou t pu t , cash c rops ( co t t on , co f f ee ,
soya beans , pa l m o i l ) . I n our mode l , we sha l l now r e i n t e rpr e t L as an env i -
ronmen t a l i npu t used , t oge t he r w i t h t he o t he r i npu t , K , t o produce bas i c and
i ndus t r i a l goods , B and I . Thus , we r ename L as E f or t he r ema i nde r o f t h i s
sec t i on .

As a l r eady men t i oned , a c ruc i a l pa r ame t e r i n t he Nor t h - Sou t h mode l i s
t he r esponse o f t he supp l y o f E t o i t r e l a t i ve pr i ce , w / p. I n [1] and

t h i s pa r ame t e r was shown t o de t e rm i ne t he prope r t i es o f t he so l u t i ons
u i l i hr i a ) . He r e , a w i l l p l ay a s i m i l a r ro l e : i t r epr esen t s t he prope r t y r i gh t s

)n t he env i ronmen t a l r esour ce , E : a i s sma l l e r when t he prope r t y r i gh t s a r e
we l l de f i ned , and l a rge r when t hey a r e i l l - de f i ned . For examp l e : i f t he l oca l

opu l a t i on has we l l - de f i ned prope r t y r i gh t s on t he b i od i ve r s i t y o f a r a i n f or es t ,
wh i ch i s an i npu t t o t he produc t i on o f pha rmaceu t i ca l s , t hen t he wood i npu t4 ' , , w i l l b

�

hea r ves t ed mor e ca r e f u l l y. Ob t a i n i ng a l a rge r supp l y o f E r equ i r es
l a rge r i nc r ease o f t he pr i ce o f E , pE . Thus , a i s sma l l e r when t he prope r t y

11gh t s on t he r a i n f or es t a r e we l l de f i ned . The t heor y and t he ana l y t i cs prov i ng
s - : f ac t appea r i n [5] as l emma 1 When prope r t y r i gh t s on t he+.

�

La 1%10
i l l - de f i ned , a i s l a rge : t h i s means t ha t a l o t mor e wood w i l l be ha r ves t ed ,
' t he f r e tos may be des t royed , f or sma l l e r i nc r eases i n pr i ces . The pr i ce

' " en t s he lvaue o f t he i npu t .' as been shown i n [4 , 6] t ha t we l l - de f i ned prope r t y r i gh t s l ead t o be t -
l ua t con o f sca r ce r esocs Good examp l es a r e prov i ded by Me r ckur e .
^eeu t i c las I nc . and Shaman Pha rmaceu t i ca l s , I nc . These compan i es

wed i n t o agr eemen t s t o advance cash and t o sha r e t he pro f i t s f rom
~g b i do i ve r s i t y samp l es i n Cos t a R i ca and i n Sou t h Ame r i can coun -

b i od i ve r s i t y samp l es a r e an i npu t t o t he produc t i on o f va l uab l e. . I + a l

�

( xseamp l es : cur a r e and t he mor e r ecen t l y d i scove r ed pe r i -
h t r ea t s Hodgk i ns d i sease and l eukem i a i n ch i l dr en ) sha r i ng t he
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pro f i t s w i t h t he l oca l s . Th i s amoun t s t o i mprov i ng t he prope r t y r i gh t s o f t he
l oca l popu l a t i on on t he common prope r t y r esour ce : t he r a i n f or es t ' s b i od i ve r -
s i t y . Th i s scheme i s no t t oo d i f f e r en t f rom t he ven t ur e cap i t a l agr eemen t s
wh i ch advance wor k i ng cap i t a l t o use i n t e l l ec t ua l prope r t y ( so f t wa r e i deas )
and sha r e t he r i gh t s subsequen t l y w i t h t he en t r epr eneur s . By i nc r eas i ng t he
r ea l i zed va l ue o f t he common prope r t y i npu t , t hese agr eemen t s i nc r ease t he
i n t e r es t i n conse r va t i on by t hose who wou l d o t he rw i se ove ruse or ove r exp l o i t
t he r esour ce beyond i t s b i o l og i ca l s t eady - s t a t e ex t r ac t i on r a t e .

A l l o f t hese cons i de r a t i ons may be r epr esen t ed i n t he Nor t h - Sou t h mode l
by va r y i ng t he pa r ame t e r as i n t he Sou t h . Th i s va r i a t i on s i mu l a t es t he i npu t o f
prope r t y r i gh t agr eemen t s i n deve l op i ng coun t r i es f or t he i r va l uab l e common
prope r t y r esour ces . For t he t heor i es exp l a i n i ng t he gene r a l i mpac t o f va r y i ng
i n t he s t a t i c Nor t h - Sou t h mode l i n [3] , see [5] . I n t h i s pape r we addr ess t he
dynam i c Nor t h - Sou t h mode l , and ask t he same ques t i ons . The prob l em i s
mor e comp l ex s i nce our mode l i s dynam i c , and we r e l y on s i mu l a t i on t o
prov i de our answe r s .

1 . 3 . Organ i za t i on o f t he Pape r

We beg i n by r eca l l i ng t he s t a t i c Nor t h - Sou t h mode l . Then we w i l l deve l op
t he equa t i ons f or t he gene r a l f orm o f t he dynam i c Nor t h - Sou t h mode l i n t he
sequence o f s t eps. To r evea l t he ma t hema t i ca l s t ruc t ur e o f t he prob l em , we w i l l
pr esen t , i n t he f i r s t o f t hese s t eps , a ve r y s i mp l i f i ed one - d i mens i ona l dynam i c
ve r s i on o f our t wo - d i mens i ona l dynam i c sys t em . Th i s i s on l y a ma t hema t i ca l
a r t i f i ce , as t he econom i cs a r e embod i ed on l y i n t he f u l l t wo - d i mens i ona l
ve r s i on , our ma i n mode l , o f Sec t i on 5 . 2 . We t hen exp l a i n some prope r t i es o f
t he dynam i ca l mode l and pr esen t s i mu l a t i ons wh i ch con f i rm our r esu l t s and
sugges t poss i b l e ex t ens i ons . We end w i t h a proposa l f or a dynam i ca l sys t em
l i nk i ng our dynam i c Nor t h - Sou t h mode l w i t h t he a t mosphe r i c chem i s t r y o f
t he ca rbon cyc l e .

2 . No t a t i ona l Conven t i ons

We w i l l wr i t e KN i n p l ace o f K(N ) used i n [3] . We a r e go i ng t o encoun t e r
symbo l i c expr ess i ons i n t he va r i ab l es :

KN , KS , SN , SS , . . . 7

and so on . We w i l l r e f e r t o K f or examp l e as a roo t symbo l , and on l y when
accompan i ed by a subsc r i p t N or S w i l l t he symbo l deno t e a va r i ab l e . Thus ,
we may wr i t e expr ess i ons or equa t i ons i n t hese roo t va r i ab l es , bu t t hey a r e
symbo l i c on l y . When t he appropr i a t e subsc r i p t s a r e ad j o i ned , t hey become
expr ess i ons or equa t i ons o f va r i ab l es de f i ned i n our mode l s . Le t A be an
expr ess i on o f roo t symbo l s . Then AN w i l l deno t e t he same expr ess i on i n

Nor t h - Sou t h

t he cor r espond i ng va r i ab l e ,
Sou t h , wh i l e AT w i l l be de

No t e : Equa t i on (GC2 . 21

3 . Reca l l i ng t he Nor t h - S

We beg i n w i t h t he pa r ame
Sou t h mode l as de f i ned v
i n each r eg i on a r e : a , , a2
a l = a I N , a l s , e t c . The cn
pr i ce va r i ab l es and s i x t een

1 . p = pB deno t es t he pr i
goods , I , had been se t
w i t h r espec t t o i ndus t r
B and I a r e t he on l y t
equ i l i br i um , p i s t he se
pr i ce va r i ab l es may d i :

2 . w deno t es wages.
3 . r deno t es t he cap i t a l r

S i nce l abor and cap i t a
t he t wo r eg i ons ) , t he i
cond i t i ons (Equa t i ons
r eg i ons (because t wo
The f i ve pr i ce va r i ab l e
The quan t i t y va r i ab l e ,

4 . K deno t es cap i t a l s t o ,
ur e 1 . Th i s r e l a t i ons t
de t e rm i ned , i n t he dyn
sys t em mode l i ng t he a

5 . L deno t es l abor . Th i s
6. BS and BD deno t e q

demanded .
7 . I S and I D deno t e qua
8 . XB=BS- BD and .

o f wha t i s supp l i ed ov
The s i x t een quan t i t y va r

r eg i on . The d i agr am o f F :
r eg i on ) de t e rm i ne a l l o f t l
t he i npu t s t o produc t i on . L
t he t wo goods , or commo4
us i ng l abor and cap i t a l ac (

BS = m i n (L / a t ,



r i g t he prope r t y r i gh t s o f t he
ce : t he r a i n f or es t ' s b i od i ve r -
ven t ur e cap i t a l agr eemen t s

a l prope r t y ( so f t wa r e i deas )
pr eneur s . By i nc r eas i ng t he
ese agr eemen t s i nc r ease t he
rw i se ove ruse or ove r exp l o i t
K t r ac t i on r a t e .
: d i n t he Nor t h - Sou t h mode l
na t i on s i mu l a t es t he i npu t o f
, s f or t he i r va l uab l e common
i e gene r a l i mpac t o f va r y i ng
[n t h i s pape r we addr ess t he

ques t i ons . The prob l em i s
~d we r e l y on s i mu l a t i on t o

yode l . Then we w i l l deve l op
i s Nor t h - Sou t h mode l i n t he
i c t ur e o f t he prob l em , we w i l l
: d one - d i mens i ona l dynam i c
Th i s i s on l y a ma t hema t i ca l

i n t he f u l l t wo - d i mens i ona l
i exp l a i n some prope r t i es o f
r i ch con f i rm our r esu l t s and
osa l f or a dynam i ca l sys t em
t a t mosphe r i c chem i s t r y o f

We a r e go i ng t o encoun t e r

oo t symbo l , and on l y when
bo l deno t e a va r i ab l e . Thus ,
roo t va r i ab l es , bu t t hey a r e
a r e ad j o i ned , t hey become

i our mode l s . Le t A be an
o t e t he same expr ess i on i n

We beg i n w i t h t he pa r ame t e r s , va r i ab l es , and no t a t i ons o f t he s t a t i c Nor t h -
Sou t h mode l as de f i ned i n [3] . The roo t symbo l s o f t he e i gh t pa r ame t e r s
i n each r eg i on a r e : a l , a2 , c l , c2 , a � Q , K and L. Thus , we w i l l encoun t e r
a l = a1N , a l s , e t c . The c ruc i a l va r i ab l es wh i ch de t e rm i ne t he mode l a r e f i ve
pr i ce va r i ab l es and s i x t een quan t i t y va r i ab l es . The pr i ce va r i ab l es a r e :

1 . p = pB deno t es t he pr i ce o f bas i c goods , B . S i nce t he pr i ce o f i ndus t r i a l
goods , I , had been se t t o un i t y , p i = 1 , p i s t he r e l a t i ve pr i ce o f bas i cs
w i t h r espec t t o i ndus t r i a l goods . I t i s a l so ca l l ed t he t e rms o f t r ade s i nce
B and I a r e t he on l y t wo goods i n t he i n t e rna t i ona l ma r ke t . I n a ma r ke t
equ i l i br i um , p i s t he same i n bo t h r eg i ons , Nor t h and Sou t h , bu t a l l o t he r
pr i ce va r i ab l es may d i f f e r i n t he t wo r eg i ons .

2 . w deno t es wages.
3 . r deno t es t he cap i t a l r en t a l pr i ce .

S i nce l abor and cap i t a l a r e no t t r aded i n t e rna t i ona l l y ( t ha t i s , be t ween
t he t wo r eg i ons ) , t he i r va l ues a r e de t e rm i ned by p accord i ng t o l oca l
cond i t i ons (Equa t i ons GC2 . 21b , GC2 . 4a ) wh i ch a r e unequa l i n t he t wo
r eg i ons (because t wo r eg i ons have d i f f e r en t produc t i on t echno l og i es ) .
The f i ve pr i ce va r i ab l es , or pr i ces , a r e p , rN , r s , WN , WS-
The quan t i t y va r i ab l es a r e t he f o l l ow i ng .

4 . K deno t es cap i t a l s t ock . Th i s i s de t e rm i ned by r , see (GC2 . 4) and F i g -
ur e 1 . Th i s r e l a t i onsh i p i s f or t he s t a t i c mode l on l y . Th i s K w i l l be
de t e rm i ned , i n t he dynam i c mode l s o f t h i s pape r , by a d i sc r e t e dynam i ca l
sys t em mode l i ng t he annua l va r i a t i on o f cap i t a l s t ock i n each r eg i on .

5 . L deno t es l abor . Th i s i s de t e rm i ned by w and p , see (GC2 . 3) .
6 . Bs and BD deno t e quan t i t i es o f bas i c goods supp l i es and bas i c goods

demanded.
7 . I s and I D deno t e quan t i t i es o f i ndus t r i a l goods supp l i ed and demanded .
8 . XB = Bs - BD and X I - I s - I D deno t e expor t s o f goods , t he excess

o f wha t i s supp l i ed ove r wha t i s consumed i n each r eg i on .
The s i x t een quan t i t y va r i ab l es a r e : L , K , Bs , Bs , I s , I D , XB , XIS , i n each

r eg i on . The d i agr am o f F i gur e 1 shows how p ( and t he pa r ame t e r s i n each
r eg i on ) de t e rm i ne a l l o f t hese o t he r va r i ab l es . Labor , L , and cap i t a l , K , a r e
t he i npu t s t o produc t i on . Us i ng l abor can cap i t a l t he t wo econom i es produce
t he t wo goods , or commod i t i es , Bs and I s . I n each r eg i on , Bs i s produced
us i ng l abor and cap i t a l accord i ng t o
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t he cor r espond i ng va r i ab l es o f t he Nor t h sys t em , and l i kew i se f or As f or t he
Sou t h , wh i l e AT w i l l be de f i ned t o mean AN + As .

No t e : Equa t i on (GC2 . 21b ) deno t es equa t i on 2 . 21b i n [3) .

3 . Reca l l i ng t he Nor t h - Sou t h Mode l

Bs = m i n (L / a l , K / c l ) .

�

(3 . 1)
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K

r

F i gur e 1 .

�

Gr ahp o f K( r ) . The y - i n t e r cep t i s a t K , and t he s l ope i s 0 .

The r e f or e , e f f i c i en t use o f L and K r equ i r es t ha t

BS = L l a l = K / c l ,

t ha t i s , l abor and cap i t a l a r e used i n f i xed propor t i ons f or each l eve l o f ou t pu t

o f BS , or

L / K = a l / C l ,

whe r e a l i s ca l l ed t he l abor - ou t pu t r a t i o ( s i nce BS = L / a l ) and c l i s ca l l ed
t he cap i t a l ou t pu t r a t i o ( s i nce BS = K l c l ) . Equa t i on (3 . 1) i s t he produc t i on
t echno l ogy wh i ch de t e rm i nes how much B can be produced w i t h t he ava i l ab l e
K and L . S i m i l a r l y , each r eg i on has a produc t i on t echno l ogy f or I ,

I S = m i n (L / a2 , K / c2)

�

(3 . 2)

w i t h t he same i n t e rpr e t a t i on f or t he pa r ame t e r s a2 and c2 . Equa t i ons (3 . 1)
and (3 . 2) g i ve r i se t o (GC2 . 20) . (GC2 . 20 i nd i ca t es equa t i on numbe r 20 f rom
sec t i on 2 o f [3] . )

Now a and 0 r epr esen t t he r esponses o f l abor and cap i t a l supp l i es t o
changes i n t he i r pr i ces : w and r . We pos t u l a t e :

Nor t h - Sou t h T

w i t h K > 0 . Equa t i on (GC2 . :
does t he supp l y o f l abor . An
The nega t i ve va l ue o f L i nc
be f or e peop l e supp l y pos i t i ve

No t e : t hese r e l a t i onsh i ps
pape r , wh i l e r e t a i n i ng t he s t a t
w i t h a dynam i c ru l e o f cap i t E

Some f ur t he r r e l a t i onsh i p :

pB = ( a t - rD ) / a2

BS = ( c2L - a2K) )

I s = ( a l K - c I L ) l

w = (PBC2 - c l ) / D

a l l o f wh i ch a r e non - nega t i ve
D = a l c2 - a2c l .

A l l r ema i n i ng symbo l s denor
sc r i p t S i n B and I S and de i
A l so t he subsc r i p t B i n pB i n
Hence f or t h , we w i l l om i t t he
Sec t i on 4) . Hence : L f or LS
p1) , B f or BS (we w i l l no t us
mean demand f or i ndus t r i a l ¬

p = ( a l - rD ) / a2

B = ( c2L - a2K) / 1

I = ( a l K - c I L ) / L

L=aw / p+L
w = (pc t - c l ) / D

r = (K - K)1Q
a l l non - nega t i ve , and

D = a l c2 - a2c l .
To c l ose t he s t a t i c mode l i n [ :

L = aw / PB + L (GC2 . 3)
exogenous l y i n each r eg i on .

w i t h L < 0 , and Th i s " c l osur e " cor r espon

r = (K
- K)1Q (GC2 . 4) assum i ng a s i mp l e pr e f e r enc



t

2
r

t K , and t he s l ope i s 0 .

L i ons f or each l eve l o f ou t pu t

BS = L / a l ) and c l i s ca l l ed
ca t i on (3 . 1) i s t he produc t i on
e produced w i t h t he ava i l ab l e
i n t echno l ogy f or I ,

(3 . 2)

s a2 and c2 . Equa t i ons (3 . 1)
, t es equa t i on numbe r 20 f rom

abor and cap i t a l supp l i es t o

(GC2 . 3)

(GC2 . 4)
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w i t h K > 0 . Equa t i on (GC2 . 3) means t ha t as t he r ea l wage w / PB i nc r eases , so
does t he supp l y o f l abor . And Equa t i on (GC2 . 4) means t he same f or cap i t a l .
The nega t i ve va l ue o f L i nd i ca t es t he m i n i mum wage needed f or sur v i va l
be f or e peop l e supp l y pos i t i ve l abor .

No t e : t hese r e l a t i onsh i ps a r e pa r t i cu l a r t o t he s t a t i c mode l . La t e r i n t h i s
pape r , wh i l e r e t a i n i ng t he s t a t i c r e l a t i onsh i p (GC2 . 3) , we sha l l r ep l ace (GC2 . 4)
w i t h a dynam i c ru l e o f cap i t a l accum l a t i on .

Some f ur t he r r e l a t i onsh i ps a r e t he f o l l ow i ng , a l l f rom [3] :

pB = ( a l - rD ) / a2 ,

�

(GC2 . 21)

BS = ( c2L - a2K) / D

�

(GC2 . 20)

I s = ( a1K - c1L ) / D

�

(GC2 . 20)

w = (PBC2 - C l ) / D ,

�

(GC2 . 21)

a l l o f wh i ch a r e non - nega t i ve , and
D = a1C2 - a2C1 .

A l l r ema i symbo l s deno t e cons t an t s de f i ned i n [3] . No t e t ha t t he supe r -
sc r i p t S i n B and I s and deno t es Supp l y ( vs Demand ) , no t Sou t h ( vs Nor t h ) .
A l so t he subsc r i p t B i n pB i nd i ca t es Bas i c ( vs t he subsc r i p t I f or I ndus t r i a l ) .
Hence f or t h , we w i l l om i t t hese subsc r i p t s when no con f us i on r esu l t s ( esp . i n
Sec t i on 4) . Hence : L f or LS (we w i l l no t use LD ) , p f or pB (we w i l l no t use
p j ) , B f or BS (we w i l l no t use BD ) , and I f or I s (we w i l l wr i t e I D when we
mean demand f or i ndus t r i a l goods ) . Thus t he equa t i ons above become :

p = ( a l - rD ) / a2

B = ( c2L - a2K) / D

I = ( a l K - c1L ) / D

L=aw / p+L

w = (pc t - c l ) / D

r= (K - K) l , 6
a l l non - nega t i ve , and

D=a l c2 - a2e1 .

To c l ose t he s t a t i c mode l i n [3] , t wo mor e va r i ab l es we r e f i xed :
I = ID

(GC2 . 21a )

(GC2 . 20a )

(GC2 . 20b )

(GC2 . 3a )

(GC2 . 21b )

(GC2 . 4a )

exogenous l y i n each r eg i on .
Th i s " c l osur e " cor r esponds t o t he demand spec i f i ca t i on de r i ved f rom

assum i ng a s i mp l e pr e f e r ence f orm , wh i ch was de f i ned and i l l us t r a t ed i n
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[3] . One can cons i de r seve r a l o t he r demand spec i f i ca t i ons w i t hou t chang i ng
t he s t ruc t ur e o f t he mode l or i t s behav i or , as shown i n [1 , 3] . I ndeed , i n
t he spec i f i ca t i on o f our dynam i ca l Nor t h - Sou t h mode l , t he t wo - d i mens i ona l
endomorph i sm i s de f i ned us i ng ademand spec i f i ca t i on (5 . 3 . 1) wh i ch amoun t s
t o r equ i r i ng t ha t t he demand f or i ndus t r i a l goods I D i s a propor t i on 1 - - y
o f GNP. Th i s l as t spec i f i ca t i on i s use f u l i n a Nor t h - Sou t h wor l d , because
t yp i ca l l y i ndus t r i a l coun t r i es consume a h i ghe r propor t i on o f t he i r GNP i n
t he f orm o f i ndus t r i a l goods , wh i l e deve l op i ng coun t r i es consume propor -
t i ona t e l y mor e bas i c goods. W i t h our spec i f i ca t i on (5 . 2 . 6) i t i s a l so poss i b l e
t o s i mu l a t e an economy whe r e t he propor t i on y depends on t he GNP l eve l ,
w i t h y dec r eas i ng as a f unc t i on o f GNP . We now beg i n a s t ep - by - s t ep deve l -
opmen t o f our t wo - d i mens i ona l dynam i ca l sys t em . The f i r s t s t ep w i l l be a
s i mp l e one - d i mens i ona l mode l .

4. One - D i mens i ona l Mode l s

I n pr epa r a t i on f or our ma i n mode l , t he t wo - d i mens i ona l map de f i ned i n Sec -
t i on 5 . 2 , we now s t udy a pr e l i m i na r y , one - d i mens i ona l mode l . Th i s s i mp l e
mode l i s l ess r ea l i s t i c i n econom i c t e rms t han our ma i n mode l o f Sec t i on 5 . 2 .
Our purpose i n i n t roduc i ng a s i mp l e mode l f i r s t i s pedagog i c : t h i s se r ves t o
an t i c i pa t e and exp l a i n t he ma t hema t i ca l behav i or o f t he l a rge r mode l i n a
t r anspa r en t f ash i on . I t i s i mpor t an t t o no t e t ha t t he r esu l t s o f t h i s pape r do
no t depend on t h i s s i mp l e mode l bu t r a t he r on t he ma i n mode l , wh i ch i s
i n t roduced and deve l oped i n Sec t i on 5 . 2 .

We now i n t roduce dynam i cs f or t he mac roeconom i c va r i ab l es o f t he Nor t h
r eg i on . The va r i ab l es o f t he Sou t h w i l l t hen be ob t a i ned as f unc t i ons o f t hose
o f t he Nor t h , as f o l l ows .

PROPOS I T I ON 1 . I n t he Nor t h - Sou t h mode l , t he Sou t h cap i t a l i s ob t a i ned
f rom t he Nor t h by t he a , f i ne i somorph i sm ,

whe r e

and

and

Ks = Ho + H j KN ,

H l =
Qsa2sDN
)3Na2NDs

Ho = Qs

�

_a1N
a2s + a l s - H I KN + Ks .

Ds I - a2N
Proo f. F rom (GC2 . 4) we have

KN = ON rN +KN

�

(4 . 0 . 1)

Ks = , Qs r s + Ks .

�

(4 . 0 . 2)

Nor t h - Sou l

As we assume t he t e rms o f
or f rom (GC2 . 21 a ) ,

p = ( a i s - r sD. ,

or , so l v i ng f or r s ,

r s

�

Ds
I ( rNL

we now subs t i t u t e (4 . 0 . 1)

Ks = Qs r s + K

Us i ng (GC2 . 4a ) t o r ep l ac

Ks = Qs

�

_a2s-
Ds I a2

and s i mp l i f y i ng , we ge t t

Hence f or t h i n Sec t i on 4 ,

4 . 1 . The Dynam i cs o f t he
We env i s i on a dynam i c
r esu l t , a f t e r a r ap i d t r an
va l ues o f t he va r i ab l es . VA
o f t hese va r i ab l es . And
equa t i on , so t ha t , Q < 0.
w i l l be de f i ned by a f unc
po i n t : t subsequen t l y ) , se
A l so , we wr i t e K+ f or f

f (K) = (1 - b )

whe r e t he depr ec i a t i on r
sma l l , pos i t i ve va l ues , a r

GNP =pB+ I .

As usua l , GNP i s t he i n
(GC2 . 16) .

A f t e r subs t i t u t i on o f
moph i sm f may be wr i t

PROPOS I T I ON 2 . The j

f (K)=Ao+1



; i f i ca t i ons w i t hou t chang i ng
>hown i n [1 , 3] . I ndeed , i n
mode l , t he t wo - d i mens i ona l
: a t i on (5 . 3 . 1) wh i ch amoun t s
i s I D i s a propor t i on 1 - , y
l or t h - Sou t h wor l d , because
propor t i on o f t he i r GNP i n
coun t r i es consume propor -

on (5 . 2 . 6) i t i s a l so poss i b l e
depends on t he GNP l eve l ,

v beg i n a s t ep - by - s t ep deve l -
: em. The f i r s t s t ep w i l l be a

, ns i ona l map de f i ned i n Sec -
ens i ona l mode l . Th i s s i mp l e
x ma i n mode l o f Sec t i on 5 . 2 .
t i s pedagog i c : t h i s se r ves t o
f or o f t he l a rge r mode l i n a

t he r esu l t s o f t h i s pape r do
a t he ma i n mode l , wh i ch i s

mom i c va r i ab l es o f t he Nor t h
b t a i ned as f unc t i ons o f t hose

he Sou t h cap i t a l i s ob t a i ned

N + Ks .

(4 . 0 . 1)

(4 . 0 . 2)
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As we assume t he t e rms o f t r adep = PB a r e t he same i n each r eg i on , ps = PN ,
or f rom (GC2 . 21 a ) ,

p = ( a l s - r sDs ) / a2s = ( a1N - rNDN ) l a2N ,

or , so l v i ng f or r s ,

1

�

a2s }
rS = - -

�

( rNDN - a1N ) - - + a1S

�

,Ds ~
we now subs t i t u t e (4 . 0 . 1) i n t o (4 . 0 . 2) and ob t a i n

Ks = Qs r s + Ks

�

Ds

�

( rNDN - a l N )
a2s + a l s } + Ks .

f

�

a2N
Us i ng (GC2 . 4a ) t o r ep l ace rN we have

a1N + a i s ~ + Ks

Hence f or t h i n Sec t i on 4 , we w i l l wr i t e K i n p l ace o f Kr , , and so f or t h .

(4 . 0 . 3)

(4 . 0 . 4)

__ _Qs

�

a2sDN KN - K _
KS

�

DS I a2N

�

I

�

ON

�

a2N

and s i mp l i f y i ng , we ge t t he propos i t i on.

4 . 1 . The Dynam i cs o f t he One - D i mens i ona l Mode l

We env i s i on a dynam i c i n wh i ch changes i n t he cap i t a l s t ock i n t he Nor t h
r esu l t , a f t e r a r ap i d t r ans i t t o new s t a t i c equ i l i br i um , i n new equ i l i br i um
va l ues o f t he va r i ab l es . We use d i sc r e t e dynam i cs t o mode l t he annua l r epor t s
o f t hese va r i ab l es . And now , Equa t i on (4 . 0 . 1) i s unde r s t ood as a demand
equa t i on , so t ha t Q < 0 . Th i s d i f f e r s f rom [3] . The annua l i nc r emen t s o f K
w i l l be de f i ned by a f unc t i on , f : R \ { t } - > R (we w i l l i den t i f y t he exc l uded
po i n t . t subsequen t l y ) , so t ha t f or yea r n + 1 , we have K(n + 1) = f (K(n ) ) .
A l so , we wr i t e K+ f or f (K) . Th i s f unc t i on i s assumed t o be de f i ned by

f (K) = (1 - 8)K + s (GNP) ,

�

0 < S ,

�

s < 1 ,

�

(4 . 1 . 1)

whe r e t he depr ec i a t i on r a t e , b , and t he r a t e o f sav i ngs , s , a r e cons t an t s w i t h
sma l l , pos i t i ve va l ues , and

GNP =pB+ I .

�

(4 . 1 . 2)

As usua l , GNP i s t he i nne r produc t o f goods and pr i ces , and aga i n , p t = 1
(GC2 . 16) .

A f t e r subs t i t u t i on o f t he expr ess i ons i n t he pr eced i ng sec t i on , t he endo -
moph i sm f may be wr i t t en i n t he f o l l ow i ng f orm .

PROPOS I T I ON 2 . Thef unc t i on de f i ned i n (4 . 1 . 1) may be expr essed as
f (K) = Ao + A I K + A2K2 +A. / (K - Ko ) ,

�

(4 . 1 . 3)
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whe r e t he coe f f i c i en t s a r e g i ven by

Ao = ( s / a ) [1 + c2K l , Q ] (L + ace / D ) - sa2c1 ,

A l = (1 - 8) + ( s / , 3) { - K - ( c2 / a2) (L + ace / D ) } ,

A2 = s / Q ,

A* = - s ( c2a2Q / D ) ,

and t he s i ngu l a r po i n t ( t above ) i s

Ko = K + a j O / D .

4 . 2 . Proo fo f Propos i t i on 2

We w i l l demons t r a t e t he dynam i ca l ru l e g i ven above i n s i x s t eps .

S t ep 1 . F i r s t we obse r ve :

p = u i (K - Ko ) ,

whe r e u l = - D / a2)3 , and KO = K + a i / 3 / D .
Proo f. F rom (GC2 . 21 a ) o f Sec t i on 2 we have

p = ( a l - rD ) / a2

a l

�

(K - K)D
P

a2 a2Q
f rom wh i ch we ob t a i n

p=uo+u1K ,

whe r e u1 i s de f i ned above , and

a l Q + DK
uo

_

�

a2Q
Then S t ep 1 f o l l ows , w i t h

a16 + DK

�

a20

�

a l , 6
Ko = - uo / u i =

�

a2 , 3

�

+ D = D + K .

S t ep 2 . Con t i nu i ng , we f i nd :

PL

�

ace + LD
K+

ac2 + LD

�

a
a i Q

�

a l Q

�

K + L + D ( c2

Nor t h - Sou t h

No t e : Comb i n i ng S t eps
K . Comb i n i ng w i t h Propo :
t he pr i ma r y va r i ab l es , KN ,
d i mens i ona l mode l .

Proo f. F rom (GC2 . 3a ) o f

pL=P( a~ ' +L )
p

and subs t i t u t i ng f or W f ron

pL=a Pc2 - c l +D
Us i ng S t ep 1 ,

pL= ~D2 +L )

ace + LL
, 3a l

ace + LL
, 3a l

and subs t i t u t i ng f or r f rom (GC2 . 4a ) above ,

�

_ _ ace + LL
, 3a i

comp l e t i ng t he de r i va t i on .

S t ep 3 . Nex t , see t ha t :

pK= - aQ K 2 +

Proo f. F rom S t ep 1 we h ,

pK = p i (K- Ko

= p I K2 - P i j

S t ep 4. Pu t t i ng t hese t oge t h



No t e : Comb i n i ng S t eps 1 and 2 , we have expr essed L as a f unc t i on o f
K . Comb i n i ng w i t h Propos i t i on 1 , we see t ha t t he evo l u t i on o f a l l f our o f
t he pr i ma r y va r i ab l es , KN , LN , KS and LS , a r e de t e rm i ned f rom our one -
d i mens i ona l mode l .

Proo f. F rom (GC2 . 3a ) o f Sec t i on 2 we have

pL=p ( aE+L ) =aw+pL
P

and subs t i t u t i ng f or W f rom (GC2 . 21b ) ,
pL = a pc2 - C l +pL =

�

ace
+ L P___ ,ac l

D - (D )
Us i ng S t ep 1 ,

ace
pL = (D + L ) p i (K -

KO )
-

ac l
D

comp l e t i ng t he de r i va t i on .

S t ep 3 . Nex t , see t ha t :
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- (D+L ) aPK+(D+L ) aPKo - D l
- ace + LD K + ace + LD (K + a l , 3 ) - _ac l

Pa l Pa t D D

- ace + LD K + ace + LD K + ace + L - ac l
Pa l Pa l D D

_ace
+LD K+ ace+LD K+L+ a c c

Pa l

�

Pa l� D ( 2 -

�

1) ,

pK

�

2P K2+ I 2P K+ a2J K .

Proo f. F rom S t ep 1 we have

pK = p i (K - Ko )K

= p l K2 _ P , KoK

0K
2+

20
[ - k +aD ] K

= - D K2 + I D K+a1 I K .
a2P

�

La2P

�

a , 2
S t ep 4 . Pu t t i ng t hese t oge t he r , we have
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pB = Co + C I K + C2K2 ,

whe r e

C2 = 11A

_ ace + LD -

�

a
Co

a I , a
K+L+D ( c2 - c l ) ,

C I
- - ac22 - c2L_ - K_ - a l

a l , (3D

�

a l Q

�

, l 3

�

D ,

Proo f. F rom Sec t i on 2 (GC2 . 20a ) we have

pB

�

c2L - a2K
- p

�

D

_ C2pL - a2 pK ,

i n wh i ch we may r ep l ace pL w i t h S t ep 2 , and pK by S t ep 3 , ob t a i n i ng

whe r e

wh i ch i s S t ep 5
=_

_c2

�

_ ace + LD

�

ac2 + LD

�

a
pB

�

D {

�

a l b

�

K +

�

a l b

�

K + L + D ( c2 - C I )

�

GNP = Go + G I K

wh i ch i s S t ep 4 .

S t ep 5 . S i m i l a r l y , see t ha t :

- a2 { - D K2 +[ D K+a I K }
2)3 a2 , 6 a2

2 ( c2 2

�

I~K - j aDD+a i , 3+~+D } K

+
f ac2 + LD

K + L

�

a

�

l
a I Q

�

+ a ( c2 - c l ) j ,

I = I o+ I I K+ I* / (K- Ko ) ,

I o
_C I L ac l c2

=_[D
+

D2 ,

a
I I =D ,

I *
- - a i a2C21

D3

Proo f. F rom Sec t i on 2 (C
a I K - C I L

whe r e

Nor t h - Sou t h

D
a l a
D

K_ c l
D

j _

a l K - C I L

D

a I K - C I L

D

a I K - C I L

D

DK- I D

Go = Co+ I o=
aq
=

G I = C l + I I = - I
G2 = C2 = 1 / Q ,

G* = I* = _aPa2C~ j
Proo f. F rom Sec t i on 4 (4

GNP =pB+ I ,

i n wh i ch we may r ep l ace p i

GNP =C2K2 +( (

wh i ch comp l e t es our de r i va

4 . 3 . Pr e l i m i na r i es on Quad ,

I n t he pr eced i ng sec t i ons we
gene r a t i ng a sem i - cascade
t he Nor t h - Sou t h mode l . Th i



Proo f. F rom Sec t i on 2 (GC2 . 20b ) we have
a1K - c1L

-

�

K - L I I aw
+ L ]

p
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D

a1K - c1L

�

ac l w
D

�

D p

a1K- c1L _ ac t [

�

c l ~
D

�

D c2
p

a1K - c1L _ aC I c2

�

_a

�

1
D

�

D2 + D2 p

a l _ c 1L ac1c2 a~ 1
D

K
- [ D +

�

DZ

�

+ D2 p i (K - Ko ) '
wh i ch i s S t ep 5

GNP =Go+G I K+G2K2 +G* / (K- KO ) ,
whe r e

_

�

- ace + LD -

�

c l

�

a

�

ac1C2
Go Co+ I o

�

a l b
K+(1 D )L+D ( c2 - c l ) - DZ

G1 = C l + I 1= - [ aOD +d i p+ QJ
G2=C2=1 / A

G* = I* = - a f l a2C21 / D 3 .

Proo f. F rom Sec t i on 4 (4 . 1 . 2) we have
GNP =pB+ I ,

i n wh i ch we may r ep l ace pB by S t ep 4 , and I by S t ep 5 , ob t a i n i ng

GNP =C2K2+(C I + I I )K+(Co+ I o )+ I �

�

1
K

- Ko .
wh i ch comp l e t es our de r i va t i on .

4 . 3 . Pr e l i m i na r i es on Quadr a t i c Maps

I n t he pr eced i ng sec t i ons we have ob t a i ned an endomorph i smo f r ea l numbe r s ,
gene r a t i ng a sem i - cascade (d i sc r e t e dynam i ca l sys t em) , f or t he dynam i cs o f
t he Nor t h - Sou t h mode l . Th i s one - d i mens i ona l mode l w i l l be use f u l t o us , as
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we w i l l see l a t e r i n t he s t udy o f our ma i n ( t wo - d i mens i ona l ) mode l . Th i s i s
because dynam i cs i n one d i mens i on has been ex t ens i ve l y s t ud i es , whe r eas
dynam i cs i n t wo d i mens i on i s a cur r en t f ron t i e r . To r e l a t e t h i s one - d i mens i ona l
mode l t o t he we l l known l og i s t i c map , we w i l l make use o f t he f o l l ow i ng .

PROPOS I T I ON 3 . A quadr a t i c f unc t i on , f : R - - ; H , de f i ned by

f ( x ) = Ao + . A I x + A2x2

w i t h A2 0 Q and t he d i sc r i m i nan t A = (A I - 1) 2 - 4AOA2 > 0 , has a
r epe l l i ng f i xedpo i n t a t

B°

�

(A l
2A2 1) + A2

w i t h i t s d i s t i nc t pr e i mage a t Bo + B I , whe r e
B I = - A I / A2 - 2Bo .

The a� f i ne f unc t i on
x : R - 1 , $? ; yHx ( y )=Bo+B i y

i s an a f ne i somorph i sm , and con j uga t es f i n t o t he canon i ca l f orm f or t he
quadr a t i c f am i l y

g ( y ) = x - I ( f ( x ( y ) ) ) = Ay ( 1 - y ) ,
w i t h

Fur t he rmor e , t he usua l doma i n o f t h i s l og i s t i c f unc t i on , y E J = [0 , 1] , i s
mapped t o an i n t e r va l x E I = [Bo , Bo + B I ] , i n t he or i en t a t i on pr ese r v i ng
case B° > 0 , e l se x E I = [Bo + B I , Bo ] , by t h i s a f cne i somorph i sm .

Proo f. To compu t e t he nex t va l ue o f y unde r t he con j uga t e map , we app l y
t he i nve r se map t o y+ ,

y+ = - Bo
+

�

I x +
B I B I

and t hen w i t h x H y ,

_ - B i + B I Px )

_ - $ i + B I [Ao + A I x + A2x2] ,

A
y + = - B° + A- ° + 1 (Bo + B I y ) +_

�

A2
(Bo + B l y )2

B I B I B I

�

B I

_

�

_ _Bo
+_

�

+ A I
Bo + A2 Bo

B I `

�

B I

�

B I

�

B I

+ [A I + 2A2Bo ] y + (A2B I ) y2 .

Nor t h - Sou t h

Now we equa t e t h i s w i t h t he

y+ = 9( y ) = hy (1
t e rm by t e rm .

For degr ee ze ro ,

Bo Ao A I_
B I

+
B I

+
B I

1

and as A2 0 0 and B I 0 0

A2Bo + (A I - 1) F

f rom wh i ch , by t he b i nom i E

B°
__ (A l - 1±

2A2

No t e : The quadr a t i c equ;
o f t he map f , so t he f y i e l ,
t wo poss i b l e va l ues f or Bo

f ' (Bo ) = A I + 2A

we choose t he pos i t i ve s i g l
o t he r roo t , w i t h t he m i nus
a f o l d b i f ur ca t i on , and i n i t i
d i s t i nc t pr e i mage i s Bo + 1

t he c r i t i ca l po i n t i s x e = -
For degr ee one ,

p = A I + 2A2Bo

and f or degr ee t wo ,

12 = - A2B I .

Sub t r ac t i ng t hese t wo expr

B I = - A ' - 2B t
A2

comp l e t i ng t he spec i f i ca t i c
s i on f or p above we ob t a i n

COROLLARY 4 . G i ven t h

f ( x )=Ao+A I x

w i t h A2 0 , 0 , and (A I - 1

A I - 1+
Bo= -

2A2



dmens i ona l ) mode l . Th i s i s
x t ens i ve l y s t ud i es , whe r eas

r e l a t e t h i s one - d i mens i ona l
sake use o f t he f o l l ow i ng .

* f i t , de f i ned by

- 1) 2 - 4AOA2 > 0 , has a

t he canon i ca l f orm f or t he

i nc t i on , y E J = [0 , 1] , i s
t he or i en t a t i on pr ese r v i ng
m i ne i somorph i sm.

e con j uga t e map , we app l y

B2 (Bo + B I y )2B I
A2

W i l l 11 ' Tr r r i m . ; -
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Now we equa t e t h i s w i t h t he des i r ed canon i ca l f orm ,

y+ = g ( y ) = py (1 - y ) = 0 + I cy + ( - p ) y2
t e rm by t e rm .

For degr ee ze ro ,

- Bo+B
+B , Bo+B i B0=0 ,

and as A2 0 0 and B I 0 0

A2B2 + (A I - 1)Bo + Ao = 0

f rom wh i ch , by t he b i nom i a l f ormu l a ,

B°

�

(A l - 1 t 0)
2A2

No t e : The quadr a t i c equa t i on f or Bo he r e i s t he cond i t i on f or a f i xed po i n t
o f t he map f , so t he f y i e l ds t he t wo f i xed po i n t s . As t he s l ope o f f a t t hese
t wo poss i b l e va l ues f or Bo i s

f ' (Bo ) = A I + 2A2Bo = 1 t A

we choose t he pos i t i ve s i gn f or t he r epe l l i ng f i xed po i n t . I f Bo deno t es t he
o t he r roo t , w i t h t he m i nus s i gn , t hen t h i s i s t he pa i r ed f i xed po i n t , c r ea t ed by
a f o l d b i f ur ca t i on , and i n i t i a l l y a t t r ac t i ve , f or A sma l l and pos i t i ve . Then i t s
d i s t i nc t pr e i mage i s Bo + B i , whe r e B I = - A I / A2 - 2Bo . A l so , no t e t ha t
t he c r i t i ca l po i n t i s xe = - A I / 2A2 .

For degr ee one ,

p = A I + 2A2Bo

and f or degr ee t wo ,

u = _A2B I .

Sub t r ac t i ng t hese t wo expr ess i ons and so l v i ng f or B I

B I
_A I
A2

2A2

2Bo

comp l e t i ng t he spec i f i ca t i on o f t he a f f i ne i somorph i sm. F rom t he f i r s t expr es -
s i on f or p above we ob t a i n i t s f orm i n t he propos i t i on .

�

p

COROLLARY 4 . G i ven t he f unc t i on f : R \ { t } - - 4 f i t , de f i ned by

f ( x ) = Ao + A I x + A2x2 +A. / ( x - . t )

w i t h A2 54 , 0 , and (A I - 1) 2 > 4AOA2 , t hen y ~ - + x = Bo + B I y w i t h
A I - 1+A

Bo = -
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and

B i = - A1 / A2 - 2Bo

i s an a f f i ne i somorph i sm , and con j uga t es f t o t he canon i ca l f orm g : H \ I V }
R , w i t h

g ( y ) = X- 1 ( f WY) ) ) = my (1 - y ) + VAY - y )

w i t h v = A* / B2 , y = t / B l - Bo / B i = x - 1 ( . t ) , and I L + A as above . And
as above , t he usua l doma i n o f t he l og i s t i c f unc t i on , y E J = [0 , 1] , assum i ng
y 0 J , i s aga i n mapped t o t he i n t e r va l , x E I = [Bo , Bo + B I ] , by t he a f f i ne
i somorph i sm.

Proo f. The quadr a t i c t e rms a r e con j uga t ed as shown , accord i ng t o Propo -
s i t i on 3 above. For t he l as t t e rm , see t ha t

(1 / B1)A*~ =

�

v
x

y - y

w i t h wh i ch , t he f ormu l a f or g i s ob t a i ned .

�

o
Rema r k . I f t he s i ngu l a r po i n t l i es ou t s i de t he i n t e r va l J , t hen t h i s i n t e r va l

�

F i gur e 2a . Gr aph o f t he one - d i me
as approx i ma t e l y t he i nva r i an t i n t e r va l de f i ned by t he i n i t i a l l y r epe l l i ng f i xed

�

a t t he l e f t . Th i s i s t he s i ngu l a r i t y , s

po i n t and i t s d i s t i nc t pr e i mage . I n case t he po i n t y l i es t o t he r i gh t o f t he
i n t e r va l J , t he doma i n o f g shou l d be r educed t o t he sub i n t e r va l J* de f i ned
by t he expand i ng f i xed po i n t and i t s nea rby pr e i mage . I n case y l i es t o t he l e f t
o f J , t hen t he i n t e r va l may be i nc r eased t o J* . The case w i t h y i n t he i n t e r va l
shown i n F i gur e 2 .

The i nva r i an t i n t e r va l o f g , J* , i s no t i den t i ca l t o t he r e f e r ence i n t e r va l ,
J = [0 , 1] un l ess v = 0 . L i kew i se , we have an i n t e r va l f or f , I * , no t i den t i ca l
t o t he cor r espond i ng r e f e r ence i n t e r va l , I = [Bo , Bo + B i ] .

I n summa r y , we see t ha t i n t he case i n wh i ch t he s i ngu l a r po i n t i s ou t s i de
t he i n t e r va l o f i n t e r es t , our one - d i mens i ona l mode l mus t behave exac t l y l i ke
t he we l l - known l og i s t i c (or quadr a t i c ) map , w i t h a conve rgen t sequences o f
pe r i od - doub l i ng b i f ur ca t i ons , and chao t i c a t t r ac t or s . I n t he o t he r case (wh i ch
occur s w i t h r easonab l e va l ues o f our nume rous pa r ame t e r s ) t he behav i or
shou l d be s i m i l a r. Th i s i s d i f f i cu l t (bu t poss i b l e ) t o es t ab l i sh ana l y t i ca l l y , bu t
we w i l l use s i mu l a t i on i ns t ead .

4 . 4 . S i mu l a t i ons

We now es t ab l i sh t ha t , i ndeed , t he behav i or o f our one - d i mens i ona l mode l
i s t ha t o f t he f am i l i a r l og i s t i c f unc t i on , even t hough t he s i ngu l a r i t y f a l l s i n
t he doma i n o f t he mhp . We beg i n by f i x i ng va l ues f or t he many pa r ame t e r s
appea r i ng i n t h i s dynam i ca l sys t em . F i r s t , l e t b = 0 . 1 and s = 0 . 08 . For t he

F i gur e 2b . Gr aph o f t he one - d i me
i n t he map .



canon i ca l f orm g : f i t \ { y } - +

~ t ) , and i s + 0 as above . And
i on , y E J = [0 , 1] , assum i ng
= [Bo , Bo + B1] , by t he a f f i ne

. s shown , accord i ng t o Propo -

0
e i n t e r va l J , t hen t h i s i n t e r va l
by t he i n i t i a l l y r epe l l i ng f i xed
D i n t y l i es t o t he r i gh t o f t he

t o t he sub i n t e r va l J* de f i ned
i mage . I n case y l i es t o t he l e f t
The case w i t h y i n t he i n t e r va l

t i ca l t o t he r e f e r ence i n t e r va l ,
i n t e r va l f or f , I * , no t i den t i ca l
;o , Bo + B I ] .
h t he s i ngu l a r po i n t i s ou t s i de
ode l mus t behave exac t l y l i ke
i t h a conve rgen t sequences o f
c t or s . I n t he o t he r case (wh i ch
pus pa r ame t e r s ) t he behav i or
- ) t o es t ab l i sh ana l y t i ca l l y , bu t

r f our one - d i mens i ona l mode l
t hough t he s i ngu l a r i t y f a l l s i n
dues f or t he many pa r ame t e r s
S=0 . 1ands=0 . 08 . For t he
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t Nnn l I , M I e1911nr ,

F i gur e 2a . Gr aph o f t he one - d i mens i ona l mode l w i t h 0 < x < 163 . No t e t he gap i n t he gr aph
a t t he l e f t . Th i s i s t he s i ngu l a r i t y , shown en l a rged i n F i gur e 3 .

Mu i 1 I , e I M I a I v i "

F i gur e 2b . Gr aph o f t he one - d i mens i ona l mode l w i t h 0 < x < 20 , i l l us t r a t i ng t he s i ngu l a r i t yi n t he map .
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o t he r s , our gu i de w i l l be t ab l e ( c ) on page 44 o f [3] , excep t f or t he s i gn o f , 6
wh i ch we r eve r se . Thus , i n t he Nor t h ,

a l = 2 ,

�

K = 12 ,
a2 = 0 . 15 , L = 0 . 5 ,
c l = 1 . 8 ,

�

a = 6 ,
c2 = 1 . 7 ,

�

, (3 = - 9 . 7 .
These a r e chosen so t ha t p , r , w , L , K , B , I > 0 i n each r eg i on . No t e t ha t

t he con t ro l pa r ame t e r p , i n t he t r ans f ormed dynam i ca l sys t em depends upon
a l l o f t hese va l ues . The de r i ved cons t an t s a r e t hen approx i ma t e l y :

D = 3 . 13
A0 = - 0 . 058524 , B0 = 0 . 167727 ,
A l = 1 . 350306 ,

�

Bo = 42 . 306847 ,
A2 = - 0 . 008247 , B i = 79 . 110881 ,
A* = 0 . 1201 ,

�

B I = 163 . 389119 ,
w i t h t he s i ngu l a r i t y a t x = 5 . 801917 and t he a t t r ac t i ng f i xed po i n t a t
42 . 316339 , see F i gur es 2a and 2b .

The r esponse d i agr am f or f unc t i on f o f (4 . 1 . 1) - w i t h a l l t he pa r ame t e r s
f i xed w i t h t hese va l ues excep t f or a , wh i ch i s r ega rded as t he con t ro l pa r ame t e r
i n t he s i mu l a t i on - i s t he f am i l i a r orb i t d i agr am f or t he quadr a t i c f am i l y , as
shown i n F i gur e 3 .

5. Two - D i mens i ona l Mode l s

I n t he f i r s t dynam i ca l sys t em s t ud i ed above , we had an evo l u t i on i n t he Nor t h
va r i ab l es , wh i l e t he Sou t h va r i ab l es we r e t o be de t e rm i ned f rom t he i r Nor t he rn
s i b l i ngs by an a l gebr a i c r e l a t i on . We now wan t t o cons i de r a mor e symme t r i c
dynam i c , i n wh i ch t he cor r espond i ng va r i ab l es i n bo t h r eg i ons a r e i n mu t ua l
coevo l u t i on .

5 . 1 . A Pr e l i m i na r y Mode l

He r e we r ewr i t e t he one - d i mens i ona l mode l as a t wo - d i mens i ona l mode l
w i t hou t chang i ng t he dynam i cs f or KN . Tha t i s , i ns t ead o f ob t a i n i ng Ks
f rom KN a f t e r each t i mes t ep by con j uga t i on w i t h t he a f i i ne i somorph i sm o f

Propos i t i on 1 , wh i ch assumed a r ap i d se t t l i ng t o s t a t i c equ i l i br i um , we w i l l
de r i ve a sem i - cascade f or Ks pa r a l l e l t o t ha t o f KN .

F rom Propos i t i on 1 we have
Ks = Ho + Hi KN ,

�

(5 . 1)
wh i l e f rom Propos i t i on 2 ,

KN (n+ 1) = f (KN (n ) ) ,

Nor t h - Sou t h

F i gur e 3 .

�

Response d i agr am
f am i l i a r f i gur e f or t he quadr a t i c
dynam i ca l sys t em . Each va l ue
a pa r t i cu l a r map gene r a t i ng t h
a t t r ac t or o f t he dynam i ca l sys t e i
( as i n equ i l i br i um t heor y ) , pe r i l
i n econom i c da t a ) .

or wr i t i ng fN i n p l ace o f .
KN = f N (KN ) "

No t e t ha t t he i nve r se o f P:

KN = Ks - Ho
H i

We now app l y t he map
(5 . 3) t o t he r i gh t s - hand s i i
i ng r esu l t .

PROPOS I T I ON 5 . The d
f or Ks , wh i ch may be ex ]

Ks (n + 1) = f s
whe r e t he gene r a t i ng end

f s ( y ) = Aos + .



o f [3] , excep t f or t he s i gn o f 0

> 0 i n each r eg i on . No t e t ha t
mam i ca l sys t em depends upon
hen approx i ma t e l y :

t he a t t r ac t i ng f i xed po i n t a t

. 1 . 1) - w i t h a l l t he pa r ame t e r s
ga rded as t he con t ro l pa r ame t e r
un f or t he quadr a t i c f am i l y , as

- e had an evo l u t i on i n t he Nor t h
de t e rm i ned f rom t he i r Nor t he rn
. t t o cons i de r a mor e symme t r i c
, s i n bo t h r eg i ons a r e i n mu t ua l

1 as a t wo - d i mens i ona l mode l
a t i s , i ns t ead o f ob t a i n i ng Ks
w i t h t he a f f i ne i somorph i sm o f

t o s t a t i c equ i l i br i um , we w i l l
o f KN .
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F i gur e 3 .

�

Response d i agr am f or t he one - d i mens i ona l mode l w i t h 6 < a < 8 . Th i s i s t he
f am i l i a r f i gur e f or t he quadr a t i c f am i l y . The ve r t i ca l ax i s i s t he doma i n o f t he one - d i mens i ona l

dynam i ca l sys t em . Each va l ue o f t he con t ro l pa r ame t e r a de t e rm i nes a ve r t i ca l i n t e r va l , and
a pa r t i cu l a r map gene r a t i ng t he dynam i c . The wh i t e po i n t (or se t o f po i n t s ) i s t he un i que
a t t r ac t or o f t he dynam i ca l sys t em f or t he g i ven va l ue o f t he con t ro l pa r ame t e r : a po i n t a t t r ac t or
( as i n equ i l i br i um t heor y ) , pe r i od i c a t t r ac t or ( as i n bus i ness cyc l es ) , or a chao t i c a t t r ac t or ( as
i n econom i c da t a ) .

We now app l y t he map o f (5 . 1) t o t he l e f t - hand s i de o f (5 . 2) , and i t s i nve r se
(5 . 3) t o t he r i gh t s - hand s i de , as i n t he proo f o f Propos i t i on 3 , w i t h t he f o l l ow-
i ng r esu l t .

PROPOS I T I ON 5 . The dynam i c (5 . 2) f or KN i mp l i es a con j uga t e dynam i c
f or Ks , wh i ch may be expr essed ,

Ks (n + 1) = f s (Ks (n ) )

�

or Ks = f s (Ks ) ,
whe r e t he gene r a t i ng endomorph i sm i s

1
f s ( y ) = Aos + A i sy + A2sy2 + A*s -

y - y

or wr i t i ng fN i n p l ace o f f ,
KN = f N (KN ) . (5 . 2)

No t e t ha t t he i nve r se o f Propos i t i on 1 i s

-
KN

Ks Ho= (5 . 3)
H l
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and t he coe f f i c i en t s a r e g i ven by
H2

Aos = Ho + H l Ao - A I Ho + A2 H I ,

A I s = A I - 2A2
Ho
H

A2s = HI ,

A*s = H i A* ,

9 = HO +KNH I .

No t e : G i ven Ks and a l l t he pa r ame t e r s , we ob t a i n a l l t he va r i ab l es . Bu t ,
we w i l l use d i f f e r en t va l ues f or t he pa r ame t e r s i n t he Sou t h: aga i n , as i n
Sec t i on 4 . 4 , we l e t 5 = 0 . 1 and s = 0 . 08 . For t he o t he r s , we aga i n r e f e r t o
t ab l e ( c ) on page 44 o f [3] , excep t f or t he s i gn o f Q wh i ch we r eve r se . Thus ,
i n t he Sou t h ,

a1 = 4 . 5 ,

�

K = 2 . 7 ,
a2 = 0 . 02 , L = - 2 ,
c l = 0 . 01 , a = 75 ,
c2=3 , Q= - 0 . 025 .

These a r e chosen so t ha t p , r , w , L , K , B , I > 0 i n each r eg i on . No t e t ha t t he
con t ro l pa r ame t e r M i n t he t r ans f ormed dynam i ca l sys t em depends upon a l l
o f t hese va l ues . The de r i ved cons t an t s a r e t hen approx i ma t e l y :

D = 13 . 5

A* = 0 . 0000000008 , B I = 0 . 013018 ,

w i t h t he s i ngu l a r i t y a t t = 2 . 691667 and t he a t t r ac t i ng f i xed po i n t a t 2 . 694576 .
Proo f. F rom Propos i t i on 1 we have

w i t h i nve r se
Ks = Ho + H I KN

Ks - HoKN=
H I

,

wh i l e f rom Propos i t i on 2 ,

KN (n+ 1) = f N (KN (n ) ) .

or equ i va l en t l y ,

Nor t h - Sou t h S

As i n t he proo f o f Propos i
i t s i nve r se t o t h i s equa t i on , g

KS = Ho + H I K1

= Ho +H I f ( "

= Ho+H I f

= Ho + H I Ao

+
H I A* (K

= Ho + H I Ao

+H1A*
Ks

f rom wh i ch t he propos i t i on f c

We may app l y t he Coro l l a r y
dynam i ca l sys t ems (4 . 2) and ( :
l og i s t i c endomorph i sm ,

kN - AN kN (1 - kN ,

hs = l t sks ( l - hs ) -
bo t h on t he un i t i n t e r va l , w i t h

I - I N = 1 +

�

(A I N -

I Ls = 1 +

�

(A I S - 1

vN = A*N / B I N ,

vs = A*s / B I S .
Tha t i s , we have i n t h i s mo

l og i s t i c maps , each o f t he f orm
f (K)=(1 - 8)K+s

f (K) = (1 - 8)K + s
We now seek t o coup l e t hem t h

Ao = - 750 . 642844 , Bo = 2 . 691218 ,
A I = 558 . 498719 , Bo = 2 . 694575 ,
A2 = - 103 . 512843 , B I = 0 . 006303 ,



e ob t a i n a l l t he va r i ab l es . Bu t ,
t e r s i n t he Sou t h: aga i n , as i n
) r t he o t he r s , we aga i n r e f e r t o
n o f Q wh i ch we r eve r se . Thus ,

> 0 i n each r eg i on . No t e t ha t t he
ap i ca l sys t em depends upon a l l
sn approx i ma t e l y :

18 ,
575 ,
303 ,
48 ,

l t t r ac t i ng f i xed po i n t a t 2 . 694576 .
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As i n t he proo f o f Propos i t i on 3 , we now app l y t he a f f i ne i somorph i sm and
i t s i nve r se t o t h i s equa t i on , ge t t i ng

K
s
+ -

-

vs = A*s1B1s .

Ho +H I KN

Ho +H I f (KN )

Ho + H l f C
Ks

-
Ho )

H l
2

Ho + H l Ao + H l A1
Ks -

H l
Ho

+ H l A2
Ks - HO ]2

H l
1

+ HA (Ks -
Ho ) I H l - Ko

= Ho + H I Ao + A1(Ks - Ho ) + H (KS - 2HoKs + Ho )
1

1
+H i A* Ks - Ho - KoH l

f rom wh i ch t he propos i t i on f o l l ows .

�

O

We may app l y t he Coro l l a r y o f Propos i t i on 3 i ndependen t l y t o each o f t he
dynam i ca l sys t ems (4 . 2) and (5 . 1) , ob t a i n i ng t he (uncoup l ed ) t wo - d i mens i ona l
l og i s t i c endomorph i sm ,

kN = MNkN (1 - kN ) + vN I ( kN - kNo ) ,

hs = psks (1 - hs ) + vs l ( ks - kso ) ,

bo t h on t he un i t i n t e r va l , w i t h

MN = 1 +

�

(A j N - 1) 2 - 4AONA2N = 1 + AN ,

I Ls = 1 +

�

(A l s - 1) 2 - 4AOSA2s = 1 + Os i

vN = A*N I B I N ,

Tha t i s , we have i n t h i s mode l a m i nor mod i f i ca t i on o f t wo (uncoup l ed )
l og i s t i c maps , each o f t he f orm

f (K) = (1 - S)K + s (GNP) ,
or equ i va l en t l y ,

f (K) = (1 - b )K + s (pB + I ) .
We now seek t o coup l e t hem t hrough p .
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5 . 2 . The Ma i n Mode l

We w i l l wor k w i t h an endomorph i sm o f t he p l ane

T : R2 - + R2 ; (KN , Ks ) ' - + (KN , Ks )

de f i ned as i n t he one - d i mens i ona l mode l by

KN = SN (pBN + I N ) + ( I - 6N )KN ,

Ks = SS(pBs + I s ) + ( I - bs )Ks ,

(5 . 2 . 1)

(5 . 2 . 2)

whe r e t he t e rms o f t r ade , p , a r e t he same i n bo t h r eg i ons , because ma r ke t s
a r e compe t i t i ve . These equa t i ons pr ed i c t grow t h o f cap i t a l s t ock i n one f i sca l
pe r i od . As be f or e , pB + I i s t he GNP (gross na t i ona l produc t ) , s i s t he sav i ngs
r a t e , and S i s depr ec i a t i on . I n our s i mu l a t i ons , we w i l l use s ; z : ; 12 / 100 , and
b , z : ~ 10 / 100 , and f or bo t h r eg i ons .

The t i me evo l u t i on o f a l l o f t he va r i ab l es i n each sys t em i s t o be f ound by
t he i t e r a t i on o f t he mapp i ng T , beg i nn i ng w i t h any i n i t i a l s t a t e , (KN , KSO ) - To
comp l e t e t he de f i n i t i on o f t he endomorph i sm T and t hus t he dynam i cs o f t he
mode l , we exp l a i n t he de t e rm i na t i on o f t he i n t e rmed i a t e va r i ab l es , p , B , I , i n
each r eg i on . These a r e de t e rm i ned by equa t i on (GC2 . 22) o f [3] mod i f i ed as
f o l l ows :

ON = 0 ,

�

KN = KN ;

�

Qs = 0 ,

�

Ks = Ks .

We r eca l l , f rom [3] , t he equa t i on
ATp2 + (CT + ID )p - VT = 0 ,

�

(GC2 . 22)

whe r e he r e A = Oa i a2 / D 2 , and C and V a r e de f i ned be l ow. Equa t i on
(GC2 . 22) t hen becomes , w i t h O = 0 i n each r eg i on ,

(CT + I T)p - VT=O ,

�

(5 . 2 . 3)

us i ng t he conven t i on o f Sec t i on 2 . He r e , t he symbo l i c expr ess i ons C , V and
I D , a r e de f i ned by

whe r e y C (0 , 1) . I n f ac t , we w i l l choose y ; z t; 60 / 100 . I n any case , we wou l d
l i ke s + (1 - y ) « 1 . No t e t ha t C i s a f unc t i on o f K i n each r eg i on , V i s
a cons t an t , and GNP i n t he expr ess i on f or I D i s t o be de t e rm i ned f rom t he
f ormu l a GNP = pB + I . Equa t i on (5 . 2 . 6) i s t he assump t i on t ha t demand
f or i ndus t r i a l goods i s propor t i ona l t o GNP , as desc r i bed above , i n each
r eg i on . Th i s t r ea t s t he t wo goods , B and I , symme t r i ca l l y . No t e t ha t t he
va l ues o f B and I a r e d i r ec t l y compu t ed as f unc t i on o f K ( i n each r eg i on ) by

Equa t i ons (3 . 1) and (3 . 2) , bu t
ava i l ab l e . We ob t a i n t h i s va l u ,
i n t he s t a t i c mode l as desc r i be

Once p i s de t e rm i ned , we
t i on (4 . 1 . 2) , and equa t i ons (G
as :

f or each r eg i on . No t e t ha t Eq i
bu t our expr ess i on (5 . 2 . 7) abo - v
we ob t a i n a quadr a t i c equa t i on

We beg i n by r ewr i t i ng (5 . 2 . _

and us i ng (5 . 2 . 7) , t h i s y i e l ds
ETp2

+ (CT + FT)p - i
whe r e

Nor t h - Sou t h Tr

GNP = p ( c2L - a2 F.

- _ p ( ac2 / D2 +

+ [ - 2ac I C2 ,

p [CT+(1 - y ) GNP] -

E = (1 - , y ) [ ac t / D 2 -

F = (1 - y ) [ - 2ac j c2 i

G = (1 - y ) ac2 D2 .1 1
Thus , compu t i ng L f rom A

quadr a t i c equa t i on (5 . 2 . 9) a r e k
t wo r ea l roo t s , we choose t he l a i
(5 . 2 . 7) we have GNP i n each n
comp l e t e .

An i n t e r es t i ng s i mp l i f i ca t i on
i ng rK f or GNP i n t he dynam
t i ons (5 . 2 . 1) and (5 . 2 . 2) . Th i s t h i
and we may r e t urn t o i t i n a f u t u

5 . 3 . S i mu l a t i on Resu l t s
For t he f i r s t t wo - d i mens i ona l m4
ur e 4 . Throughou t t h i s sec t i on , t
Sec t i on 4 . 4 ( f or t he Nor t h ) and S
t he f i gur e cap t i ons .

C = (1 / D ) [ c i L - a l K + aC I C2 / D ] , (5 . 2 . 4)

V = ac , I D
2 , (5 . 2 . 5)

I D = GNP(1 _ , y ) , (5 . 2 . 6)



o t h r eg i ons , because ma r ke t s
h o f cap i t a l s t ock i n one f i sca l
i ona l produc t ) , s i s t he sav i ngs
we w i l l use s - _ 12 / 100 , and

each sys t em i s t o be f ound by
any i n i t i a l s t a t e , (KN , KS) . To
F and t hus t he dynam i cs o f t he
e rmed i a t e va r i ab l es , p , B , I , i n
n (GC2 . 22) o f [3] mod i f i ed as

Ks = KS .

a r e de f i ned be l ow. Equa t i on
- eg i on ,

symbo l i c expr ess i ons C , V and

i e

(5 . 2 . 1)

(5 . 2 . 2)

(GC2 . 22)

(5 . 2 . 3)

(5 . 2 . 4)

(5 . 2 . 5)

(5 . 2 . 6)

s 60 / 100 . I n any case , we wou l d
c t i on o f K i n each r eg i on , V i s
' D i s t o be de t e rm i ned f rom t he
i s t he assump t i on t ha t demand

P , as desc r i bed above , i n each
T , symme t r i ca l l y. No t e t ha t t he
unc t i on o f K ( i n each r eg i on ) by
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Equa t i ons (3 . 1) and (3 . 2) , bu t t he va l ue o f p i n t h i s expr ess i on i s no t d i r ec t l y
ava i l ab l e . We ob t a i n t h i s va l ue , assum i ng t he r ap i d approach t o equ i l i br i um
i n t he s t a t i c mode l as desc r i bed i n Sec t i on 1 , as desc r i bed be l ow.

Once p i s de t e rm i ned , we ob t a i n t he GNP , wh i ch i s g i ven by Equa -
t i on (4 . 1 . 2) , and equa t i ons (GC2 . 20a , b ) , (GC2 . 21a ) , and (GC2 . 3) f rom [3] ,
as :

f or each r eg i on . No t e t ha t Equa t i on (5 . 2 . 3) de t e rm i nes p i f GNP i s known ,
bu t our expr ess i on (5 . 2 . 7) above r equ i r es p . When t h i s c i r cu l a r i t y i s r eso l ved ,
we ob t a i n a quadr a t i c equa t i on f or p w i t h a l l coe f f i c i en t s known.

We beg i n by r ewr i t i ng (5 . 2 . 3) , us i ng (5 . 2 . 6) , i n t he f orm
p [CT + (1 - - y )GNP] - VT = 0 ,

�

(5 . 2 . 8)
and us i ng (5 . 2 . 7) , t h i s y i e l ds

whe r e

and

GNP = p ( c2L - a2K) / D + ( a1K - c1L ) / D

= p ( ac2 / D2 + c2L / D - a2K / D ]

+ [ - 2ac i c2 / D 2 + a1K / D - c1L / D ] + ac i / D2
P (5 . 2 . 7)

ETp2 +(CT+FT)p+(GT - VT) =0 ,

E = (1 - y ) [ ace / D 2 - ( a2K + c2L ) / D ] ,

F = (1 - ' Y) [ - 2ac i c2 / D 2 +a1K / D - c1L / D ] ,

G =( I - y ) ac i I D2 .

(5 . 2 . 9)

Thus , compu t i ng L f rom K i n each r eg i on , a l l t he coe f f i c i en t s o f t he
quadr a t i c equa t i on (5 . 2 . 9) a r e known . We so l ve t h i s equa t i on , and i n case o f
t wo r ea l roo t s , we choose t he l a rge r one f or t he cur r en t va l ue o f p . Then f rom
(5 . 2 . 7) we have GNP i n each r eg i on , and t he spec i f i ca t i on o f t he map T i s
comp l e t e .

An i n t e r es t i ng s i mp l i f i ca t i on t o our ma i n mode l r esu l t s f rom subs t i t u t -
i ng rK f or GNP i n t he dynam i ca l ru l es f or t he 2D endomorph i sm , Equa -
t i ons (5 . 2 . 1) and (5 . 2 . 2) . Th i s t h i rd mode l has been s t ud i ed by D i Ma t t eo [ 10]
and we may r e t urn t o i t i n a f u t ur e pub l i ca t i on.

5 . 3 . S i mu l a t i on Resu l t s
For t he f i r s t t wo - d i mens i ona l mode l , t he r esponse d i agr am i s shown i n F i g -
ur e 4. Throughou t t h i s sec t i on , t he va l ues o f a l l t he cons t an t s a r e as g i ven i n
Sec t i on 4 . 4 ( f or t he Nor t h ) and Sec t i on 5 . 1 ( f or t he Sou t h ) excep t as no t ed i n
t he f i gur e cap t i ons .
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F i gur e 4.

�

Response d i agr am f or t he f i r s t o f t he t wo - d i mens i ona l mode l s . He r e we va r y
aN f rom 31 t o 49 wh i l e ho l d i ng as f i xed a t 20 . The hor i zon t a l ax i s r epr esen t s t he con t ro l
pa r ame t e r , aN , wh i l e t he ve r t i ca l ax i s r epr esen t s t he Nor t h cap i t a l supp l y , KN , a f t e r seve r a l
i t e r a t i ons . The i n t e rpr e t a t i on o f t h i s d i agr am i s i den t i ca l t o t ha t o f F i gur e 3 , excep t t ha t he r e
t he ve r t i ca l ax i s i s t he one - d i mens i ona l pro j ec t i on o f a t wo - d i mens i ona l s t a t e space .

I t i s he r e t ha t our expe r i ence w i t h t he one - d i mens i ona l mode l i s pedagog -
i ca l l y use f u l , as we see a s t rong s i m i l a r i t y i n t he r esponse d i agr ams . I n t h i s
case , we have a t wo - d i mens i ona l s t a t e space , o f t he va r i ab l es KN and KS ,
and a one - d i mens i ona l con t ro l space , o f t he con t ro l pa r ame t e r , aN . Thus ,
t he r esponse d i agr am i s t hr ee - d i mens i ona l . Bu t he r e we have r educed i t t o
a t wo - d i mens i ona l gr aph i c by pro j ec t i on . The ve r t i ca l ax i s r epr esen t s t he
t wo - d i mens i ona l s t a t e space (o f t he cap i t a l s t ocks i n Nor t h on l y ) , and t he
hor i zon t a l ax i s i s t he con t ro l space o f t he env i ronmen t a l va r i ab l e aN . As t he
t wo equa t i ons o f t he f i r s t t wo - d i mens i ona l mode l a r e uncoup l ed , t h i s pro -
j ec t i on g i ves us exac t l y t he r esponse d i agr am o f t he one - d i mens i ona l mode l

Nor t h - Sm

F i gur e 5. Response d i agr am
as f rom 40 t o 90 wh i l e ho l d
pa r ame t e r , as . Bo t h Nor t h a i
o f t he r esponse d i agr am i s c
(hor i zon t a l ax i s ) t he r e cor r e ,
p l ane o f t he s t a t e va r i ab l es X
e i t he r a po i n t ( s t a t i c a t t r ac t o
an i n f i n i t e se t ( chao t i c a t t r ac
ax i s , t hen ( s t ep 2) pro j ec t t h i
pro j ec t i ons on t o t he same i n t
t he r esponse d i agr am as a ve
No t e t ha t t he r e a r e t wo f i gur (
o f t he pro j ec t i ons : KN and

s t ud i ed above , t ha t i s ,
be t ween t hese t wo f i g i
pe r i od doub l i ng b i f ur c



- d i mens i ona l mode l s . He r e we va r y
i or i zon t a l ax i s r epr esen t s t he con t ro l
) r t h cap i t a l supp l y , KN , a f t e r seve r a l

1 t o t ha t o f F i gur e 3 , excep t t ha t he r e
pro - d i mens i ona l s t a t e space .

i i mens i ona l mode l i s pedagog -
t he r esponse d i agr ams . I n t h i s
o f t he va r i ab l es KN and KS ,
con t ro l pa r ame t e r , aN . Thus ,

3u t he r e we have r educed i t t o
he ve r t i ca l ax i s r epr esen t s t he
s t ocks i n Nor t h on l y ) , and t he
i ronmen t a l va r i ab l e aN . As t he
node l a r e uncoup l ed , t h i s pro -
~ o f t he one - d i mens i ona l mode l

Nor t h - Sou t h Tr ade and t he Dynam i cs o f t he Env i ronmen t 10 3

F i gur e S. Response d i agr am f or t he second o f t he t wo - d i mens i ona l mode l s . He r e we va r y t he
as f rom 40 t o 90 wh i l e ho l d i ng t he aN f i xed a t 6 . The hor i zon t a l ax i s r epr esen t s t he con t ro l
pa r ame t e r , as . Bo t h Nor t h and Sou t h cap i t o l s t ocks a r e p l o t t ed on t he ve r t i ca l ax i s . Th i s v i ew
o f t he r esponse d i agr am i s cons t ruc t ed as f o l l ows . For each va l ue o f t he con t ro l pa r ame t e r
(hor i zon t a l ax i s ) t he r e cor r esponds a dynam i ca l sys t em on t he s t a t e space , a r ec t ang l e i n t he
p l ane o f t he s t a t e va r i ab l es KN and Ks . Th i s d i sc r e t e dynam i ca l sys t em has a s i ng l e a t t r ac t or ,
e i t he r a po i n t ( s t a t i c a t t r ac t or ) , a f i n i t e po i n t se t o f k > 1 po i n t s ( a k - pe r i od i c a t t r ac t or ) , or
an i n f i n i t e se t ( chao t i c a t t r ac t or ) . I n any case , we ( s t ep 1) pro j ec t t h i s a t t r ac t or on t o t he KN
ax i s , t hen ( s t ep 2) pro j ec t t h i s a t t r ac t or on t o t he Ks ax i s , and t hen ( s t ep 3) supe r i mpose bo t h
pro j ec t i ons on t o t he same i n t e r va l o f r ea l numbe r s . F i na l l y ( s t ep 4) , t h i s p i c t ur e i s i nse r t ed i n t o
t he r esponse d i agr am as a ve r t i ca l l i ne segmen t ove r t he chosen va l ue o f t he con t ro l pa r ame t e r .
No t e t ha t t he r e a r e t wo f i gur es , s i m i l a r t o F i gur e 4 , wh i ch a r e supe r i mposed he r e , one f or each
o f t he pro j ec t i ons : KN and Ks .

s t ud i ed above , t ha t i s , F i gur e 3 . (Some o f t he pa r ame t e r s d i f f e r , howeve r ,
be t ween t hese t wo f i gur es . ) We see , a t t he l e f t o f t he r esponse d i agr am , a
pe r i od doub l i ng b i f ur ca t i on , f o l l owed by t he f am i l i a r conve rgen t sequences
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F i gur e 6.

�

A h i s t ogr am o f t he a t t r ac t or i n t he t wo - d i mens i ona l s t a t e space o f KN and Ks ,
f or a pa r t i cu l a r va l ue o f t he con t ro l pa r ame t e r , as = 80 . The hor i zon t a l ax i s r epr esen t s va l ues
o f KN , t he ve r t i ca l , Ks . The ba r on t he l owe r l e f t shows t he gr ay sca l e code , f rom b l ack (no
po i n t s o f t he t r a j ec t or y i n a un i t a r ea ) t o wh i t e (max i mum numbe r o f t r a j ec t or y po i n t s i n a un i t
a r ea ) .

o f s i m i l a r even t s . As we see t h i s i n pro j ec t i on , we may unde r s t and t ha t t he r e
i s a pe r i od i c a t t r ac t or i n t he t wo - d i mens i ona l s t a t e space o f t he va r i ab l es KN
and KS , wh i ch progr ess i ve l y becomes mor e and mor e comp l ex , and f i na l l y ,
f i l l s a subse t o f t he p l ane chao t i ca l l y. S t a r t i ng f rom any i n i t i a l va l ues o f t he
t wo cap i t a l supp l i es , t he t i me sequence o f subsequen t va l ues approaches t h i s
a t t r ac t or asymp t o t i ca l l y .

Bu t t he second t wo - d i mens i ona l mode l i s our ma i n goa l i n t h i s pape r. And
f or t h i s mode l , t he b i f ur ca t i on d i agr am i s shown i n F i gur e 5 .

For some va l ues o f t he va r i ous pa r ame t e r s , we f i nd a s i ng l e bas i n , w i t h a
chao t i c a t t r ac t or . The a t t r ac t or por t r a i t f or one such case i s shown i n F i gur e 6 .

Nor t h - Sou l

F i gur e 7.

�

The t wo bas i ns o f a t t r
as se t t o 17 . 5 and aN t o 1 . 5 . I n :
t han 0 . 02 and 0 . 01 as i n F i gur e 6 .
t hem compr i se t he o t he r bas i n ,
a t t r ac t or , i n t e rms o f numbe r o f i t

No t e t ha t t h i s a t t r ac t or i s c
i nd i ca t i ng t ha t t he one - d i l r
t hese va l ues o f t he pa r ame t

For o t he r va l ues o f t he p ,
t wo or mor e bas i ns . The ba :
Th i s por t r a i t has t wo bas i ns
a r e sepa r a t ed by a f r ac t a l b
i nd i ca t es a s i gn i f i can t d i f f c

a r e necessa r i l y monos t ab l e

6. Conc l us i on

We i n t roduced and deve l op
and s t ud i ed i t s g l oba l dynE



i s i ona l s t a t e space o f KN and Ks ,
he hor i zon t a l ax i s r epr esen t s va l ues
t he gr ay sca l e code , f rom b l ack (no
numbe r o f t r a j ec t or y po i n t s i n a un i t

we may unde r s t and t ha t t he r e
a t e space o f t he va r i ab l es KN
i d mor e comp l ex , and f i na l l y ,
f rom any i n i t i a l va l ues o f t he
equen t va l ues approaches t h i s

t r ma i n goa l i n t h i s pape r . And
,n i n F i gur e 5 .
we f i nd a s i ng l e bas i n , w i t h a
such case i s shown i n F i gur e 6 .

F i gur e 7.

�

The t wo bas i ns o f a t t r ac t i on us i ng t he second o f t he t wo - d i mens i ona l mode l s w i t h
as se t t o 17 . 5 and aN t o 1 . 5 . I n add i t i on , t he Sou t h ' s a2 and c l a r e se t t o 0 . 05 and 0 . 04 r a t he r
t han 0 . 02 and 0 . 01 as i n F i gur e 6 . The da r ke r bands be l ong t o one bas i n. The wedges be t ween
t hem compr i se t he o t he r bas i n , and a r e shaded accord i ng t o how f a r each po i n t i s f rom t he
a t t r ac t or , i n t e rms o f numbe r o f i t e r a t i ons .

No t e t ha t t h i s a t t r ac t or i s c l ose l y approx i ma t ed by a s t r a i gh t l i ne segmen t ,
i nd i ca t i ng t ha t t he one - d i mens i ona l mode l i s surpr i s i ng l y good , a t l eas t f or
t hese va l ues o f t he pa r ame t e r s .

For o t he r va l ues o f t he pa r ame t e r s , we f i nd mu l t i s t ab i l i t y. Tha t i s , t he r e a r e
t wo or mor e bas i ns . The bas i n por t r a i t f or one such case i s shown i n F i gur e 7 .
Th i s por t r a i t has t wo bas i ns , each con t a i n i ng a po i n t a t t r ac t or . The t wo bas i ns
a r e sepa r a t ed by a f r ac t a l bounda r y . Th i s por t r a i t i s r ad i ca l l y non l i nea r , and
i nd i ca t es a s i gn i f i can t d i f f e r ence f rom t he one - d i mens i ona l mode l s , wh i ch
a r e necessa r i l y monos t ab l e ( t ha t i s , t hey have a s i ng l e a t t r ac t or ) .

6 . Conc l us i on

Nor t h - Sou t h Tr ade and t he Dynam i cs o f t he Env i ronmen t 10 5

We i n t roduced and deve l oped a dynam i c ve r s i on o f t he Nor t h - Sou t h mode l
and s t ud i ed i t s g l oba l dynam i cs . Our me t hodo l ogy was t o r ep l ace t he s t a -
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t i c cap i t a l endowmen t s i n t he Nor t h - Sou t h mode l by a process o f cap i t a l
accumu l a t i on and depr e t i a t i on t hrough t i me . A f t e r show i ng t ha t t h i s l eads t o
a we l l - de f i ned dynam i ca l sys t em on t he p l ane , we s t ud i ed t he evo l u t i on o f
t r ade and t he env i ronmen t t hrough t he g l oba l dynam i cs o f t he sys t em . We
showed t ha t t he r e i s a c ruc i a l pa r ame t e r wh i ch exp l a i ns g l oba l dynam i cs :
t h i s i s t he r eg i me o f prope r t y r i gh t s f or env i ronmen t a l asse t s i n deve l op i ng
coun t r i es , i . e . i n t he r eg i on we ca l l t he Sou t h . We showed t ha t t he l ess we l l -
de f i ned a r e t hese prope r t y r i gh t s , t he mor e chao t i c i s t he mode l . We s t ud i ed
t he pa r t i cu l a r cha r ac t e r i s t i cs o f t h i s chao t i c sys t em .

I n a f u t ur e deve l opmen t we hope t o exp l or e t he g l oba l c l i ma t e i n r e l a t i on
w i t h i n t e rna t i ona l t r ade . I n t h i s con t ex t , t he common prope r t y r esour ce i s
t he p l ane t ' s a t mosphe r e , wh i ch i s used as an i npu t t o produc t i on , f or exam-
p l e , i n t he combus t i on o f f oss i l f ue l s (o i l ) . A by - produc t o f t h i s combus t i on
i s C02 . I n t h i s case we wou l d s t udy no t one bu t t wo sepa r a t e bu t c l ose -
l y i n t e r ac t i ng dynam i ca l sys t ems on t he p l ane : i n t e rna t i ona l t r ade and t he
b i osphe r e ( a t mosphe r i c chem i s t r y , so l a r r ad i a t i on , b i o l og i ca l gas exchange ,
ocean dynam i cs , wa t e r r ese r vo i r s , c l i ma t e , e t c . ) . Espec i a l l y , we w i l l exp l or e
t he gr eenhouse gas exchange be t ween (1) t he a t mosphe r e , (2) human popu -
l a t i ons (wh i ch i nha l e oxygen and exha l e ca rbon d i ox i de , bo t h by br ea t h i ng
and by i ndus t r i a l ac t i v i t i es ) , and (3) b i omass and bod i es o f wa t e r , wh i ch ac t
as CO2 r ese r vo i r s .

A s i mp l e b i osphe r e mode l f or beg i nn i ng t he s t udy o f t h i s connec t i on i s
t he da i sy - wor l d mode l o f Wa t son and Love l ock . Th i s mode l ach i eves c l i ma t e
r egu l a t i on w i t h t wo coope r a t i ng spec i es o f " da i s i es " : b l ack da i s i es (pr e f e r r i ng
coo l bu t mak i ng wa rm t h ) and wh i t e da i s i es (pr e f e r r i ng wa rm bu t mak i ng
coo l ) . One can r ep l ace one spec i es o f da i s i es by human i ndus t r y , and by
do i ng so ex t end t he ana l ys i s o f t h i s pape r t o cons i de r t wo coup l ed dynam i ca l
sys t ems : t he dynam i ca l Nor t h - Sou t h sys t em and t he mod i f i ed da i sy - wor l d
sys t em j us t desc r i bed . The dynam i ca l Nor t h - Sou t h mode l w i l l be ex t ended t o
t hr ee d i mens i ons : K , L and E . See [2] f or t h i s ex t ens i on i n a s t a t i c f r amewor k .

No t es
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�

See a l so [6] .
2 .

�

See Equa t i on (4 . 1 . 1) .
3 .

�

Mor e de t a i l s a r e g i ven i n Sec t i on 1 . 3 be l ow.
4 .
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These a r e s t anda rd exogenous pa r ame t e r s , common t o a l l gene r a l equ i l i br i um mode l s :
t echno l og i es , supp l i es o f i npu t s , i . e . cap i t a l and env i ronmen t , and t he pr e f e r ences i n t he
t wo r eg i ons .

5 .
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The Nor t h - Sou t h mode l can be so l ved ana l y t i ca l l y by a s i ng l e " r eso l v i ng " equa t i on [ I ] .
Th i s means t ha t , know i ng t he exogenous pa r ame t e r s we can compu t e exp l i c i t e l y t he
equ i l i br i um va l ues o f t he mode l .

6 .
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GNP i s t he va l ue o f t he ou t pu t s m i nus t he va l ue o f t he i npu t s . I n o t he r words: i t i s t he
i nne r produc t o f t he equ i l i br i um pr i ces w i t h t he d i f f e r ence be t ween ou t pu t s and i npu t s a t
an equ i l i br i um .
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