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RALPH ABRAHAM , GRAC I ELA CH I CH I LN I SKY AND RON RECOR

2 . 2 . Nor t h - Sou t h Tr ade and t he Dynam i cs
o f t he Env i ronmen t

1 . I n t roduc t i on

Th i s pape r deve l ops a dynam i c mode l o f Nor t h - Sou t h t r ade i n w
env i ronmen t p l ays an i mpor t an t ro l e . Our mode l i s based on Ch i ch
Nor t h - Sou t h mode l f or t he mac roeconom i c i n t e r ac t i on be t ween t wc
o f t he wor l d economy. The l a t t e r was i n t roduced i n a s t a t i c con t e )
We i n t roduce dynam i cs i n t he or i g i na l Nor t h - Sou t h mode l by a l l o ,
endogenous accumu l a t i on o f cap i t a l . As a second ex t ens i on o f [1] ,
duce he r e a va r i ab l e wh i ch r epr esen t s t he sys t em o f prope r t y r i gh
env i ronmen t a l asse t wh i ch i s used as an i npu t t o produc t i on . I Th i s
cou l d r epr esen t , f or examp l e , t he prope r t y r i gh t s on f or es t s f rom wh i
i s ex t r ac t ed t o be used as an i npu t t o t he produc t i on o f t r aded good

prope r t y r i gh t s on wa t e r wh i ch i s s i m i l a r l y used , pe rhaps f or agr
goods f or expor t .

The pape r exp l a i ns ma t hema t i ca l l y and t hrough s i mu l a t i ons t he d
o f a t wo - r eg i on wor l d . The r e a r e t wo produced goods and t wo i
produc t i on . Cap i t a l i s one i npu t : i t accumu l a t es i n t he t wo r eg i ons
t i me as a f unc t i on o f pro f i t s . We show t ha t as we va r y t he prope r t y 1
t he env i ronmen t t he dynam i cs o f t he sys t em changes . The l ess we l l
a r e t he prope r t y r i gh t s , t he mor e chao t i c a r e t he mode l ' s dynam i cs .

The mode l s wh i ch r esu l t bea r some s i m i l a r i t y t o one c r ea t ed by J
Neumann i n 1932 and ex t ended by R i cha rd Goodw i n i n 1990 [12 , ch
We es t ab l i sh , i n a sequence o f s t eps , t ha t t hese mode l s a r e va r i an
coup l ed l og i s t i c maps s t ud i ed i n seve r a l r ecen t pape r s , f or examp l e , [
i dea i s t o a l t e r [1] t o a l l ow cap i t a l accumu l a t i on t hrough t i me , assun
t he approach t o equ i l i br i um f o l l ows r ap i d l y. New equa t i ons a r e i n t ro
our mode l , wh i ch a r e no t f ound i n [1] or [3] . These equa t i ons des i
evo l u t i on o f cap i t a l s t ock t hrough t i me by accumu l a t i on and depr ec i
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The ou t l i ne o f t he pape r3 and t he ma i n r esu l t s a r e as f o l l ows . I n Sec t i on 2 we
i n t roduce some use f u l no t a t i on , and i n Sec t i on 3 t he st a t i c Nor t h-Sou t h mode l
[ 1] i s r eca l l ed . Fo l l owi ng t ha t , we deve l op i n Sec t i on 4 a r a t he r s i mp l e one -
d i mens i ona l mode l wh i ch i s pedagog i ca l l y use f u l because i t an t i c i pa t es t he
ma t hema t i ca l st ruc t ur e o f our ma i n mode l . We ana l yze i t s dynami ca l behav i or
i n a sequence o f propos i t i ons, and con f i rmt h i s behav i or t hrough s i mu l a t i on .
Th i s dynami ca l behav i or i s essen t i a l l y equ i va l en t t o t he l og i st i c map , and i s
s i mi l a r t o t ha t wh i ch wi l l be f ound l a t e r i n our ma i n mode l . I n Sec t i on 5 .2
we i n t roduce our ma i n ( two-d i mens i ona l ) mode l , and est ab l i sh i t s dynami c
behav i or t hrough s i mu l a t i on . We f i nd a ve ry r i ch dynami c behav i or , wi t h an
ext ens i ve web o f b i f ur ca t i ons con t ro l l ed by t he env i ronmen t a l prope r t y r i gh t s
pa r ame t e rs . We f i nd chao t i c a t t r ac t ors, and chao t i c sepa r a t r i ces . Tha t i s, t he
bas i ns o f a t t r ac t i on f orma f r ac t a l st ruc t ur e . I n Sec t i on 6 , t he conc l us i ons,
we i n t e rpr e t our r esu l t s i n t he broade r con t ext o f Nor t h-Sou t h t r ade and t he
env i ronmen t .

1 .1 . The Dynami c Nor t h-Sou t h Mode l

Our dynami c mode l i s based on [ I ] , bu t wi t h a ma j or ext ens i on . Two f un-
damen t a l equa t i ons a r e added t o t hose o f [ 1] , wh i ch endogen i ze t he changes
i n cap i t a l st ock i n t he two r eg i ons t hrough t i me . We f i rst exp l a i n i n t u i t i ve -
l y how t he dynami ca l mode l i s de f i ned , and f o l l owi ng t h i s we prov i de t he
ma t hema t i ca l de f i n i t i ons .

The dynami ca l mode l i s const ruc t ed i t e r a t i ve l y as f o l l ows . St a r t f romg i ven
va l ues o f t he exogenous pa r ame t e rs o f t he Nor t h-Sou t h mode l ' o f [ 1] . The
vec t or o f i n i t i a l l eve l s o f cap i t a l st ocks i n t he two r eg i ons i s a two-d i mens i ona l
pa r ame t e r , wh i ch wi l l be t he i n i t i a l va l ue ( f or t = 1) o f our dynami ca l syst em
i n t he p l ane . Nowso l ve t he st a t i c Nor t h-Sou t h mode l ana l yt i ca l l y . ' The
so l u t i on g i ves us, i n t e r a l i a , t he equ i l i br i umva l ue o f GNPi n each r eg i on . b So
f a r t he mode l i s st a t i c , and i den t i ca l t o t ha t i n [ 1] . Howdoes our dynami ca l
syst emmove i n t he p l ane f rom pe r i od t = 1 t o pe r i od t = 2? To de f i ne
t he dynami cs we wi l l i n t roduce two newequa t i ons, one i n each r eg i on , bo t h
depend i ng on t he cor r espond i ng equ i l i br i um l eve l o f GDPi n t he r eg i on i n
pe r i od t = 1 . These equa t i ons exp l a i n howcap i t a l accumu l a t es: a propor t i on
o f GDPi n t = 1 i s saved and i nc r eases pr ev i ous pe r i od cap i t a l st ock , wh i l e
some o f t he o l d cap i t a l depr ec i a t es . F romt hese equa t i ons one upda t es cap i t a l
st ocks and ob t a i ns a newse t o f exogenous pa r ame t e rs f or t he (st a t i c ) Nor t h-
Sou t h mode l f or t = 2 . These d i f f e r f romt he pr ev i ous se t ( f or t = 1) on l y
wi t h r espec t t o t he i n i t i a l cap i t a l st ocks, wh i ch have nowva r i ed accord i ng t o
our two newequa t i ons . The newcap i t a l st ocks f or t he Nor t h and t he Sou t h
de f i ne a two-d i mens i ona l vec t or desc r i b i ng t he pe r i od t = 2 va l ue o f our
dynami ca l syst em. Nowso l ve t he (st a t i c ) Nor t h-Sou t h mode l f or t h i s newse t
o f exogenous pa r ame t e rs, and ob t a i n GDP f or pe r i od t = 2 . I t e r a t i ng t h i s
procedur e de f i nes t he dynami ca l syst emi n t he p l ane f or eve ry pe r i od t > 1 .

Nor t h-Sou t y

The f o l l owi ng i s t he ma t h
above .

Our f i rst goa l i s t o de f i ne
add t o t he equa t i ons o f t he
two newequa t i ons, a two- (
by an endomorph i smo f t he

KN( t + 1) + =sn

Ks( t + 1)+ = ss,

Equa t i on (1 .1 .1) desc r i b
and (1 .1 .2) i n t he Sou t h. '.
as f o l l ows . Equa t i on (1 .1 .1
(N) as t he sumo f cap i t a l
mi nus t he pa r t o f t h i s wh i (
t he Nor t h) p l us sav i ngs, w]

gross na t i ona l produc t i n t
I n orde r t o de t e rmi ne c

need t o de f i ne f romt hese e ,
R2 . The depr ec i a t i on and s
how do we de t e rmi ne GN
cap i t a l st ocks i n each , con ,
i n t e rna t i ona l ma r ke t ?

The so l u t i on t o t h i s pro l
t he spec i f i ca t i ons o f t he G.
ma r ke t equ i l i br i umprob l e
Equa t i ons (1 .1 .1) and (1 .1 .
f or t he f i rst t i me , and we c ,

Howdo we ob t a i n an e i
f or cap i t a l accumu l a t i on?
one f or each r eg i on , KNE

wor l d economy equa t i ons
l abor supp l y , t echno l og i es
Nor t h-Sou t h mode l , we a
t echno l og i es a r e i n i t i a l l y g

I n each r eg i on , a t t i me t ,
t and ob t a i n GNPa t t i me t .

a t t i me t + 1 , us i ng our r
(1 .1 .1) and (1 .1 .2) .

The procedur e can be su
e l de t e rmi nes endogenous l ,
I t has two goods t r aded i n t i
I ) and two f ac t or o f produc
a r e t he i n t e rna t i ona l t e rms
bypBandpr , ( t hese a r e r ed



as fo l l ows . In Sect i on2we
; , s t at i c Nor th- Southmodel
don 4 a rather s i mp l e one-
l because i t ant i c i pat es the
yze i t s dynami cal behav i or
hav i or through s i mu l at i on .
to the l og i s t i c map, and i s
l ai n model . In Sect i on 5 . 2
and es t ab l i sh i t s dynami c

dynami c behav i or , wi th an
r i ronment al proper t y r i ght s
. c separat r i ces . That i s , the
, ect i on 6, the conc l us i ons ,
Nor th- South t rade and the

maj or ex t ens i on. Two fun-
ch endogen i ze the changes
We f i r s t exp l ai n i ntu i t i ve-
owi ng th i s we prov i de the

as fo l l ows . S t ar t f romg i ven
L- South mode14 of [1] . The
-g i ons i s a two-d i mens i onal
1) of our dynami cal sys t em
t model anal y t i cal l y . 5 The
of GNP i n each reg i on . , So

. Howdoes our dynami cal
per i od t = 2? To def i ne

. i s , one i n each reg i on, both
el of GDP i n the reg i on i n
1 accumu l at es : apropor t i on
per i od cap i t al s tock , wh i l e

l uat i ons oneupdat es cap i t al
i et er s for the ( s t at i c) Nor th-

-ev i ous set ( for t = 1) on l y
i ve nowvar i ed accord i ng to
' or the Nor th and the South
per i od t = 2 val ue of our
>outh model for th i s newset
per i od t = 2 . I t erat i ng th i s
l ane for ever y per i od t > 1 .
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The fo l l owi ng i s the mathemat i cal formu l at i on of the procedure exp l ai ned
above.

Our f i r s t goal i s to def i ne the twonewcap i t al accumu l at i on equat i ons wh i ch
add to the equat i ons of the ( s t at i c) Nor th- Southmodel andobt ai n, f romthese
two newequat i ons , a two-d i mens i onal d i scret e dynami cal sys t em, generat ed
by an endomorph i smof the p l ane, T : R2 +R2 . The two newequat i ons are :

KN( t + 1) + =8N(GNPN) + (1 - SN)KN( t ) ,

�

(1 . 1 . 1)

Ks ( t +1)+ = ss (GNPs ) + (1 - bs )Ks ( t ) .

�

(1 . 1 . 2)

Equat i on (1 . 1 . 1) descr i bes cap i t al accumu l at i on through t i me i n theNor th,
and (1 . 1 . 2) i n the South . These equat i ons are s t andard, and are i nt erpret ed
as fo l l ows . Equat i on (1 . 1 . 1) exp l ai ns cap i t al s tock at t i me t + 1 i n the Nor th
(N) as the sumof cap i t al s tock i n the prev i ous per i od i n the Nor th, KN( t ) ,
mi nus the par t of th i s wh i ch i s deprec i at ed ON i s the deprec i at i on f actor i n
theNor th) p l us sav i ngs , wh i ch i s the sav i ngs rat e i n the Nor th, SN, t i mes the
gross nat i onal product i n the Nor th, GNPN.

In order to det ermi ne our two-d i mens i onal d i scret e dynami c sys t emwe
need to def i ne f romtheseequat i ons an endomorph i smof the p l ane, T : R2
R2 . The deprec i at i on andsav i ngs rat e are exogenous l y g i venparamet er s . But
howdo we det ermi ne GNP i n the two reg i ons for any g i ven val ues of the
cap i t al s tocks i n each, cons i der i ng that they t radewi th each other through the
i nt ernat i onal market?

Theso l ut i on to th i s prob l emi s one of themai n cont r i but i ons of our paper :
the spec i f i cat i ons of the GNP var i ab l es as the so l ut i ons of two s i mu l t aneous
market equ i l i br i umprob l ems . Here i s where we use [1] . The comb i nat i on of
Equat i ons (1 . 1 . 1) and (1 . 1 . 2) wi th the Nor th- South t rade model i s done here
for the f i r s t t i me, and we cal l th i s the dynami c Nor th- South model .

Howdo we obt ai n an endomorph i smof thep l ane f romthe two equat i ons
for cap i t al accumu l at i on?Wes t ar t wi th i n i t i al val ues of the two cap i t al s tocks ,
one for each reg i on, KNand Ks . The s t at i c Nor th- South model so l ves the
wor l d economy equat i ons f romthe fo l l owi ng i n i t i al paramet er s : cap i t al and
l abor supp l y , t echno l og i es anddemand i n each reg i on. Here, for the dynami c
Nor th- South model , we assume i ns t ead that cap i t al and l abor supp l y and
t echno l og i es are i n i t i al l y g i ven i n each reg i on .

In each reg i on, at t i me t , weso l ve fu l l y the s t at i c Nor th- Southmodel at t i me
t andobt ai n GNP at t i me t . Fromth i s , i n turn, we comput e the cap i t al s tocks ,
at t i me t + 1, us i ng our newdynami c equat i ons for cap i t al accumu l at i on,
( l . l . l ) and (1 . 1 . 2) .

Theprocedurecanbe summar i zed as fo l l ows . Thes t at i c Nor th- Southmod-
el det ermi nes endogenous l y f i vepr i ce var i ab l es ands i x t eenquant i t y var i ab l es .
I t has two goods t raded i nt ernat i onal l y (bas i c goods , B , and i ndus t r i al goods ,
I ) and two f actor of product i on (cap i t al , K, and l abor , L) . The pr i ce var i ab l es
are the i nt ernat i onal t erms of t rade for the two t raded goods B and I , denot ed
byPB andpr , ( these are reduced to oneby thenormal i z i ng assumpt i onpr = 1,
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and hence f or t h p =PB) , and t he pr i ces o f l abor and r en t a l o f cap i t a l i n each
r eg i on , deno t ed wand r . Techno l og i es a r e d i f f e r en t i n t he two r eg i ons so t ha t
t he r ewa rds t o l abor and t o cap i t a l a r e a l so d i f f e r en t . The s i x t een quan t i t i es
wh i ch a r e endogenous l y de t e rmi ned a r e : supp l y and demand f or t he bas i c
and i ndus t r i a l goods , emp l oymen t o f f ac t or s i n t he two sec t or s , i mpor t s and
expor t s o f bo t h goods , a l l i n each o f t he two r eg i ons . F romt hese endogenous
va r i ab l es we ob t a i n an expr ess i on f or t he des i r ed GNP i n each r eg i on . By
de f i n i t i on , GNP i s t he va l ue o f t he gross na t i ona l produc t , t ha t i s , t he va l ue o f
a l l ou t pu t s mi nus a l l i npu t s (o f Band I ) compu t ed a t t he equ i l i br i umma r ke t
pr i ces , p . These a r e t he pr i ces a t wh i ch a l l ma r ke t s c l ea r . Reca l l t ha t pa r t o f
t he produc t i on o f each coun t r y i s consumed i n t he o t he r coun t r y , and t ha t
r e l a t i ve pr i ces p have ad j us t ed t o pe rmi t t h i s t r ade and t o c l ea r ma r ke t s , so
t ha t i mpor t s equa l expor t s i n each o f t he two t r aded goods . The r esu l t i s an
equ i l i br i uml eve l o f GNPi n each r eg i on ,

GNPN=pBN+

�

(1 . 1 . 3)IN,

GNPs =pBs + IS .

�

(1 . 1 . 4)

He r e p , Bs , and I s a r e de t e rmi ned as t he so l u t i on o f a sys t emo f 22 s i mu l -
t aneous equa t i ons i n 22 va r i ab l es , as i n t he s t a t i c Nor t h -Sou t h mode l , Th i s
i s exp l a i ned i n Sec t i on 5 . 2 be l ow. The r e f or e , f or each va l ue o f cap i t a l s t ock
we have assumed an i ns t an t aneous ad j us tmen t t o an equ i l i br i umi n t he s t a t i c
Nor t h -Sou t h mode l .

F roma l l t h i s we ob t a i n t he GNP i n each r eg i on a t t i me t . The two dynami c
equa t i ons (1 . 1 . 1) and (1 . 1 . 2) t hen prov i de cap i t a l s t ocks i n t he two r eg i ons a t
t he nex t pe r i od , t + 1 . Our p l ane endomorph i sm, T , i s nowwe l l de f i ned.

The equa t i ons desc r i b i ng GNP i n each r eg i on a r e non l i nea r . The r e f or e ,
t he endomorph i smT i s non l i nea r as we l l . I n t he f o l l owi ng we sha l l s t udy i t s
qua l i t a t i ve prope r t i es and expe r i men t wi t h s i mu l a t i ons dep i c t ed gr aph i ca l l y.
Bu t be f or e ana l yz i ng t he mode l , i t wi l l be use f u l t o exp l a i n t he connec t i ons
wi t h t he env i ronmen t .

1 . 2 . Nor t h -Sou t h Tr ade and t he Env i ronmen t

The env i ronmen t appea r s i n t h i s mode l as one o f t he i npu t s , or f ac t or s o f pro -
duc t i on . Wh i l e i n t he or i g i na l Nor t h -Sou t h mode l t he two f ac t or o f produc t i on
a r e l abor and cap i t a l , r ecen t l y [4] t he mode l has been ex t ended t o t hr ee f ac -
t or s o f produc t i on , one o f wh i ch i s a na t ur a l r esour ce , such as wa t e r f rom
an aqu i f e r , or f i sh f roma common body o f wa t e r , or wood f roma common
f or es t . I n t he or i g i na l Nor t h -Sou t h mode l t he behav i or o f a ce r t a i n pa r ame t e r
a - r epr esen t i ng t he supp l y r esponse o f a f ac t or t o i t s pr i ce - i s shown t o be
c ruc i a l i n exp l a i n i ng t he pa t t e rns o f t r ade be tween t he two r eg i ons , i nc l ud i ng
t he t e rms o f t r ade and t he ga i ns f romt r ade . Fur t he rmor e , i n [4] , t he abso l u t e

va l ue o f t h i s pa r ame t e r i n t he Sou t h , as , i s proven t o va r y wi t h t he prope r t y

Nor t h -Sou t h

r i gh t s r eg i me f or t he r esour
f or t he produc t i on o f t he t r a
o i l ) . I t i s , t he r e f or e , o f i n t o
mode l wi t h d i f f e r en t prope
d i f f e r en t va l ues o f aNand
abou t prope r t y r i gh t s . I t v
prope r t y r i gh t s a r e we l l de f
examp l e , [4] pr ed i c t s t ha t a
t o t he l oca l s o f t he r a i n f or e
i mprove t he t e rms o f t r ade
i t s r a i n f or es t .

We nowapp l y our mod (
t he env i ronmen t and t r ade

prope r t y r esour ce wh i ch i ,
Examp l es a r e : r a i n f or es t s ,
t he produc t i on o f env i ronn
t r aded , such as : wood prod
soya beans , pa l mo i l ) . I n c
ronmen t a l i npu t used , t oge
i ndus t r i a l goods , Band I .
sec t i on .

As a l r eady men t i oned ,
a , t he r esponse o f t he s t
[3] , t h i s pa r ame t e r was sh
( equ i l i br i a ) . He r e , a wi l l p
on t he env i ronmen t a l r eso l
we l l de f i ned , and l a rge r w
popu l a t i on has we l l - de f i ne
wh i ch i s an i npu t t o t he pr
E wi l l be ha r ves t ed mor e
a l a rge r i nc r ease o f t he pr i
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r i ght s reg i me for the resource ( such as l and) . Th i s resource i s used as an i nput
for theproduct i on of the t raded goods ( such as cash crops : cof f ee, cot tonpal m
o i l ) . I t i s , therefore, of i nt eres t to s i mu l at e the behav i or of the Nor th- South
model w i th d i f f erent proper t y r i ght s for th i s env i ronment al resource, that i s ,
d i f f erent val ues of aN and as . Theseparamet er s cont ai n cruc i al i nformat i on
about proper t y r i ght s . I t was shown i n [4-6] that as i s smal l er when the
proper t y r i ght s arewel l def i ned, and i s l arger when they are i l l -def i ned. As an
examp l e, [4] pred i ct s that a reg i me of proper t y r i ght s wh i chg i ves bet t er r i ght s
to the l ocal s of the rai nfores t ( for examp l e, i n Guat emal a andEcuador ) cou l d
i mprove the t erms of t rade on cash crops and cont ro l the overexp l o i t at i on of
i t s rai nfores t .

Wenow app l y our model to exp l ai n the fundament al connect i on bet ween
the env i ronment and t rade . We w i l l l ook at the env i ronment as a common
proper t y resource wh i ch i s used as an i nput to product i on i n both reg i ons .
Examp l es are: , rai nfores t s , bod i es of wat er , or f i sher i es . These are i nput s to
the product i on of env i ronment al l y i nt ens i ve goods wh i ch are i nt ernat i onal l y
t raded, such as : woodproduct s , i ndus t r i al output , cash crops (cot ton, cof f ee,
soya beans , pal m o i l ) . In our model , we shal l now rei nt erpret L as an env i -
ronment al i nput used, together w i th the other i nput , K, to producebas i c and
i ndus t r i al goods , B and I . Thus , we rename Las Efor the remai nder of th i s
sect i on .

As al ready ment i oned, a cruc i al paramet er i n the Nor th- South model i s
the response of the supp l y of E to i t rel at i ve pr i ce, w / p. In [1] and

th i s paramet er was shown to det erm i ne the proper t i es of the so l ut i ons
u i l i hr i a) . Here, a w i l l p l ay a s i m i l ar ro l e: i t represent s theproper t y r i ght s

)n the env i ronment al resource, E: a i s smal l er when the proper t y r i ght s are
wel l def i ned, and l arger when they are i l l -def i ned . For examp l e: i f the l ocal

opu l at i on has wel l -def i ned proper t y r i ght s on the b i od i ver s i t y of a rai nfores t ,
wh i ch i s an i nput to the product i on of pharmaceut i cal s , then the wood i nput4 ' , , w i l l b

�

hear ves t edmore carefu l l y. Obt ai n i ng a l arger supp l y of Erequ i res
l arger i ncrease of the pr i ce of E, pE. Thus , a i s smal l er when the proper t y

11ght s on the rai nfores t are wel l def i ned . The theor y and the anal y t i cs prov i ng
s - : f act appear i n [5] as l emma 1 When proper t y r i ght s on the+.
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i l l -def i ned, a i s l arge : th i s means that a l ot more wood w i l l be har ves t ed,
' the f retos may be des t royed, for smal l er i ncreases i n pr i ces . The pr i ce

' " ent s helvaue of the i nput .' as been shown i n [4, 6] that wel l -def i ned proper t y r i ght s l ead to bet -
l uat con of scarce resocs Good examp l es are prov i ded by Merckure .
^eeut i c las Inc . and Shaman Pharmaceut i cal s , Inc . These compan i es

wed i nto agreement s to advance cash and to share the prof i t s f rom
~gb i do i ver s i t y samp l es i n Cos t aR i ca and i n SouthAmer i can coun-

b i od i ver s i t y samp l es are an i nput to the product i on of val uab l e. . I + al

�

( xseamp l es : curare and the more recent l y d i scovered per i -
h t reat s Hodgk i ns d i sease and l eukem i a i n ch i l dren) shar i ng the
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prof i t s wi th the l ocal s . Thi s amount s to i mprov i ng theproper t y r i ght s of the
l ocal popul at i on on the commonproper t y resource: the rai nforest ' s bi odi ver -
s i t y. Thi s scheme i s not too di f f erent f rom the venture capi t al agreements
whi ch advance work i ng capi t al to use i nt el l ectual proper t y (sof tware i deas)
and share the r i ght s subsequent l y wi th the ent repreneurs . By i ncreas i ng the
real i zed val ue of the commonproper t y i nput , these agreements i ncrease the
i nt erest i n conservat i on by thosewho woul dotherwi se overuseor overexpl oi t
the resource beyond i t s bi ol ogi cal st eady-st at e ext ract i on rat e .

Al l of these cons i derat i ons may be represent ed i n the Nor th-South model
by vary i ng theparamet er as i n theSouth. Thi s var i at i on s i mul at es the i nput of
proper t y r i ght agreements i n devel opi ng count r i es for thei r val uabl e common
proper t y resources . For the theor i es expl ai ni ng the general i mpact of vary i ng
i n the st at i c Nor th-South model i n [ 3] , see [ 5] . In thi s paper we address the
dynami c Nor th-South model , and ask the same quest i ons . The probl emi s
more compl ex si nce our model i s dynami c, and we rel y on si mul at i on to
prov i de our answers .

1 .3 . Organi zat i on of the Paper

We begi n by recal l i ng the st at i c Nor th-South model . Then we wi l l devel op
the equat i ons for the general formof the dynami cNor th-South model i n the
sequence of st eps. To reveal themathemat i cal st ructure of theprobl em, wewi l l
present , i n the f i rst of these st eps, avery s i mpl i f i ed one-di mens i onal dynami c
vers i on of our two-di mens i onal dynami csyst em. Thi s i s onl y amathemat i cal
ar t i f i ce, as the economi cs are embodi ed onl y i n the ful l two-di mens i onal
vers i on, our mai n model , of Sect i on 5.2. We then expl ai n someproper t i es of
the dynami cal model and present s i mul at i ons whi ch conf i rmour resul t s and
suggest poss i bl e ext ens i ons . We endwi th aproposal for a dynami cal syst em
l i nk i ng our dynami c Nor th-South model wi th the atmospher i c chemi st ry of
the carbon cyc l e.

2. Not at i onal Convent i ons

We wi l l wr i t e KNi n pl ace of K(N) used i n [ 3] . We are goi ng to encount er
symbol i c express i ons i n thevar i abl es :

KN, KS, SN, SS, . . . 7

and so on. We wi l l ref er to Kfor exampl e as a root symbol , and onl y when
accompani ed by a subscr i pt Nor Swi l l the symbol denot e a var i abl e. Thus,
we may wr i t e express i ons or equat i ons i n these root var i abl es, but they are
symbol i c onl y. When the appropr i at e subscr i pt s are adj oi ned, they become
express i ons or equat i ons of var i abl es def i ned i n our model s . Let Abe an
express i on of root symbol s . Then AN wi l l denot e the same express i on i n

Nor th-South

the cor respondi ngvar i abl e,
South, whi l e AT wi l l be de
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We begi n wi th the paramet ers, var i abl es, and not at i ons of the st at i c Nor th-
South model as def i ned i n [ 3] . The root symbol s of the ei ght paramet ers
i n each regi on are: al , a2, c l , c2, a � Q , Kand L. Thus, we wi l l encount er
al =a1N, al s, et c . Thecruc i al var i abl es whi ch det ermi ne the model are f i ve
pr i ce var i abl es and si xt een quant i t y var i abl es . Thepr i ce var i abl es are:

1 . p=pBdenot es thepr i ceof bas i c goods, B. Si nce thepr i ceof i ndust r i al
goods, I , had been set to uni t y, pi = 1, p i s the rel at i ve pr i ce of bas i cs
wi th respect to i ndust r i al goods. I t i s al so cal l ed the t erms of t rade s i nce
Band I are the onl y two goods i n the i nt ernat i onal market . In amarket
equi l i br i um, p i s the same i n both regi ons, Nor thand South, but al l other
pr i ce var i abl es may di f f er i n the two regi ons.

2. wdenot es wages.
3. r denot es the capi t al rent al pr i ce.

Si nce l abor and capi t al are not t raded i nt ernat i onal l y ( that i s, between
the two regi ons) , thei r val ues are det ermi ned by p accordi ng to l ocal
condi t i ons (Equat i ons GC2.21b, GC2.4a) whi ch are unequal i n the two
regi ons (because two regi ons have di f f erent product i on t echnol ogi es) .
The f i ve pr i cevar i abl es, or pr i ces, arep, rN, rs, WN, WS-
The quant i t y var i abl es are the fol l owi ng.

4. Kdenot es capi t al stock. Thi s i s det ermi ned by r , see (GC2.4) and Fi g-
ure 1 . Thi s rel at i onshi p i s for the st at i c model onl y. Thi s Kwi l l be
det ermi ned, i n the dynami cmodel s of thi s paper , by a di scret e dynami cal
syst emmodel i ng the annual var i at i on of capi t al stock i n each regi on .

5 . Ldenot es l abor . Thi s i s det ermi ned by wandp, see (GC2.3) .
6. Bs and BD denot e quant i t i es of bas i c goods suppl i es and bas i c goods

demanded.
7. I s and I D denot e quant i t i es of i ndust r i al goods suppl i ed and demanded.
8 . XB=Bs - BD andXI - I s - I D denot e expor t s of goods, theexcess

of what i s suppl i ed over what i s consumed i n each regi on.
Thesi xt een quant i t y var i abl es are: L, K, Bs, Bs, I s, I D , XB, XIS, i n each

regi on. The di agramof Fi gure 1 shows howp (and the paramet ers i n each
regi on) det ermi ne al l of these other var i abl es . Labor , L, and capi t al , K, are
the i nput s to product i on . Us i ng l abor can capi t al the two economi es produce
the two goods, or commodi t i es, Bs and Is . In each regi on, Bs i s produced
us i ng l abor andcapi t al accordi ng to
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the cor respondi ng var i abl es of the Nor th syst em, and l i kewi se for As for the
South, whi l e ATwi l l be def i ned to meanAN+ As .

Not e: Equat i on (GC2.21b) denot es equat i on 2.21b i n [ 3) .

3. Recal l i ng the Nor th-South Model

Bs =mi n(L/al , K/c l ) .

�

(3 .1)
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K

r

Fi gure 1.

�

Grahpof K( r ) . The y- i nt ercept i s at K, and the s l ope i s 0.

Therefore, ef f i c i ent use of L andKrequi res that

BS=Ll al = K/c l ,

that i s, l abor andcapi t al are used i n f i xedpropor t i ons for each l evel of output

of BS, or

L/K= al /Cl ,

where al i s cal l ed the l abor -output rat i o (s i nce BS=L/al ) and cl i s cal l ed

the capi t al output rat i o (s i nce BS =Kl cl ) . Equat i on (3 .1) i s theproduct i on

t echnol ogy whi chdet ermi nes howmuchBcanbeproduced wi th theavai l abl e

KandL. Si mi l ar l y , each regi on has a product i on t echnol ogy for I ,

IS = mi n(L/a2, K/c2)

�

(3 .2)

wi th the same i nt erpret at i on for the paramet ers a2 and c2 . Equat i ons (3 .1)

and (3 .2) gi ve r i se to (GC2.20) . (GC2 .20 i ndi cat es equat i on number 20 f rom

sect i on 2 of [ 3] . )
Nowa and 0 represent the responses of l abor and capi t al suppl i es to

changes i n thei r pr i ces : wand r . We postul at e:

Nor th-South T

wi thK> 0. Equat i on (GC2. :
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Some fur ther rel at i onshi p :
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I s = (al K - cIL) l
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p = (al - rD) /a2

B= (c2L - a2K) /1

I = (al K - cIL) /L

L=aw/p+L

w= (pct - c l ) /D

r = (K - K)1Q

al l non-negat i ve, and

D=al c2 - a2cl .

To cl ose the st at i c model i n [ :

L = aw/PB +L (GC2.3)
exogenous l y i n each regi on .

wi th L < 0, and Thi s "c l osure" cor respon

r = (K
- K)1Q (GC2.4) assumi ng a si mpl e pref erenc
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abor and capi t al suppl i es to

(GC2.3)

(GC2.4)
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wi th K> 0. Equat i on (GC2 .3) means that as the real wagew/PB i ncreases, so
does the suppl y of l abor . And Equat i on (GC2.4) means the same for capi t al .
The negat i ve val ue of L i ndi cat es the mi ni mumwage needed for surv i val
before peopl e suppl y pos i t i ve l abor .

Not e: these rel at i onshi ps are par t i cul ar to the st at i c model . Lat er i n thi s
paper , whi l e ret ai ni ng thest at i c rel at i onshi p (GC2.3) , we shal l repl ace (GC2 .4)
wi th a dynami c rul e of capi t al accuml at i on.

Some fur ther rel at i onshi ps are the fol l owi ng, al l f rom[ 3] :

pB = (al - rD) /a2,

�

(GC2 .21)

BS = (c2L - a2K) /D

�

(GC2 .20)

I s = (a1K - c1L) /D

�

(GC2.20)

w= (PBC2 - Cl ) /D,

�

(GC2.21)

al l of whi ch arenon-negat i ve, and

D= a1C2 - a2C1 .

Al l remai symbol s denot e const ant s def i ned i n [ 3] . Not e that the super -
scr i pt Si n B and I s anddenot es Suppl y (vs Demand) , not South (vs Nor th) .
Al so the subscr i pt B i n pB i ndi cat es Bas i c (vs the subscr i pt I for Indust r i al ) .
Hencefor th, wewi l l omi t these subscr i pt s when no confus i on resul t s (esp . i n
Sect i on 4) . Hence: L for LS (we wi l l not use LD) , p for pB (we wi l l not use
pj ) , Bfor BS(wewi l l not useBD) , and I for I s (wewi l l wr i t e IDwhenwe
mean demand for i ndust r i al goods) . Thus the equat i ons abovebecome:

p= (al - rD) /a2

B= (c2L - a2K) /D

I = (al K - c1L) /D

L=aw/p+L

w= (pct - cl ) /D

r= (K - K) l ,6

al l non-negat i ve, and

D=al c2-a2e1.

To cl ose the st at i c model i n [ 3] , two morevar i abl es were f i xed:

I=ID

(GC2 .21a)

(GC2 .20a)

(GC2 .20b)

(GC2 .3a)

(GC2 .21b)

(GC2.4a)

exogenous l y i n each regi on.
Thi s "c l osure" cor responds to the demand speci f i cat i on der i ved f rom

assumi ng a si mpl e pref erence form, whi ch was def i ned and i l l ust rat ed i n
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[ 3] . One can cons i der several other demand speci f i cat i ons wi thout changi ng
the st ructure of the model or i t s behav i or , as shown i n [ 1, 3] . Indeed, i n
the speci f i cat i on of our dynami cal Nor th-South model , the two-di mens i onal
endomorphi smi s def i nedus i ng ademandspeci f i cat i on (5 .3 .1) whi chamount s
to requi r i ng that the demand for i ndust r i al goods ID i s a propor t i on 1 - -y
of GNP. Thi s l ast spec i f i cat i on i s useful i n a Nor th-South wor l d, because
typi cal l y i ndust r i al count r i es consume a hi gher propor t i on of thei r GNPi n
the formof i ndust r i al goods, whi l e devel opi ng count r i es consume propor -
t i onat el y more bas i c goods. Wi th our speci f i cat i on (5 .2.6) i t i s al so poss i bl e
to s i mul at e an economy where the propor t i on y depends on the GNPl evel ,
wi th y decreas i ng as a funct i on of GNP. Wenowbegi n ast ep-by-st ep devel -
opment of our two-di mens i onal dynami cal syst em. The f i rst st ep wi l l be a
s i mpl e one-di mens i onal model .

4. One-Di mens i onal Model s

In preparat i on for our mai n model , the two-di mens i onal map def i ned i n Sec-
t i on 5.2, we nowstudy a prel i mi nary, one-di mens i onal model . Thi s s i mpl e
model i s l ess real i st i c i n economi c t erms than our mai nmodel of Sect i on 5 .2 .
Our purpose i n i nt roduci ng a s i mpl e model f i rst i s pedagogi c : thi s serves to
ant i c i pat e and expl ai n the mathemat i cal behav i or of the l arger model i n a
t ransparent f ashi on. I t i s i mpor t ant to not e that the resul t s of thi s paper do
not depend on thi s s i mpl e model but rather on the mai n model , whi ch i s
i nt roduced anddevel oped i n Sect i on 5.2 .

Wenowi nt roduce dynami cs for themacroeconomi c var i abl es of theNor th
regi on. The var i abl es of the Southwi l l then be obt ai ned as funct i ons of those
of the Nor th, as fol l ows .

PROPOSITION 1 . In the Nor th-South model , the South capi t al i s obt ai ned
f romthe Nor th by the a, f i ne i somorphi sm,

where

and

and

Ks = Ho +Hj KN,

Hl =
Qsa2sDN
)3Na2NDs

Ho = Qs

�

_a1N
a2s + al s - HIKN+Ks .

Ds I - a2N
Proof. From(GC2.4) we have

KN= ONrN+KN

�

(4.0.1)

Ks = ,Qsrs +Ks .

�

(4.0.2)

Nor th-Soul

As weassume the t erms of
or f rom (GC2.21 a) ,

p = (ai s - rsD. ,

or , sol v i ng for rs,

rs

�

Ds
I ( rNL

we nowsubst i tut e (4 .0.1)

Ks = Qsrs +K

Usi ng (GC2.4a) to repl ac

Ks = Qs

�

_a2s-
Ds I a2

andsi mpl i f y i ng, we get t

Hencefor th i n Sect i on 4,

4.1 . The Dynami cs of the

We envi s i on a dynami c
resul t , af t er a rapi d t ran
val ues of thevar i abl es . VA
of these var i abl es . And
equat i on, so that ,Q < 0.
wi l l be def i nedby a func
poi nt : t subsequent l y) , se
Al so, wewr i t e K+ for f

f (K) = (1 - b)

where the deprec i at i on r
smal l , pos i t i ve val ues, ar

GNP=pB+I .

As usual , GNPi s the i n
(GC2.16) .

Af t er subst i tut i on of
mophi smf may be wr i t

PROPOSITION2. Thej

f (K)=Ao+1



; i f i cat i ons wi thout changi ng
>hown i n [ 1, 3] . Indeed, i n
model , the two-di mens i onal
:at i on (5 .3 .1) whi chamount s
i s ID i s a propor t i on 1 - ,y
l or th-South wor l d, because
propor t i on of thei r GNP i n
count r i es consume propor -

on (5 .2 .6) i t i s al so poss i bl e
depends on the GNP l evel ,

v begi na st ep-by-st ep devel -
:em. The f i rst st ep wi l l be a

,ns i onal map def i ned i n Sec-
ens i onal model . Thi s s i mpl e
xmai nmodel of Sect i on5.2 .
t i s pedagogi c : thi s serves to
for of the l arger model i n a
the resul t s of thi s paper do

a the mai n model , whi ch i s

momi c var i abl es of theNor th
bt ai ned as funct i ons of those

he South capi t al i s obt ai ned

N+Ks .

(4 .0 .1)

(4 .0 .2)
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Asweassume the t erms of t radep=PBarethesame i n eachregi on, ps =PN,
or f rom(GC2.21 a) ,

p = (al s - rsDs) /a2s = (a1N - rNDN) l a2N,

or , sol v i ng for rs,

1

�

a2s }
rS = - -

�

( rNDN - a1N) - - + a1S

�

,Ds ~

we nowsubst i tut e (4 .0 .1) i nto (4.0 .2) andobt ai n

Ks = Qsrs +Ks

�

Ds

�

( rNDN - al N)
a2s +al s} +Ks.

f

�

a2N
Usi ng (GC2.4a) to repl ace rNwe have

a1N +ai s ~ +Ks

Hencefor th i n Sect i on 4, we wi l l wr i t eKi n pl ace of Kr, , andso for th.

(4 .0.3)

(4 .0 .4)

__ _Qs

�

a2sDN KN- K _
KS

�

DS I a2N

�

I

�

ON

�

a2N

and si mpl i f y i ng, we get the propos i t i on.

4.1 . TheDynami cs of the One-Di mens i onal Model

We envi s i on a dynami c i n whi ch changes i n the capi t al stock i n the Nor th
resul t , af t er a rapi d t rans i t to new st at i c equi l i br i um, i n new equi l i br i um
val ues of thevar i abl es. We usedi scret e dynami cs to model theannual repor t s
of these var i abl es . And now, Equat i on (4 .0 .1) i s understood as a demand
equat i on, so that Q< 0. Thi s di f f ers f rom[ 3] . The annual i ncrements of K
wi l l be def i ned by afunct i on, f : R\ { t } -> R(we wi l l i dent i f y the exc l uded
poi nt . t subsequent l y) , so that for year n+1, wehave K(n+ 1) = f (K(n) ) .
Al so, wewr i t e K+ for f (K) . Thi s funct i on i s assumed to be def i nedby

f (K) = (1 - 8)K+s(GNP) ,

�

0 < S,

�

s < 1,

�

(4.1 .1)

where the deprec i at i on rat e, b, and the rat e of sav i ngs, s, are const ant s wi th
smal l , pos i t i ve val ues, and

GNP=pB+I .

�

(4 .1 .2)

As usual , GNPi s the i nner product of goods and pr i ces, and agai n, pt = 1
(GC2 .16) .

Af t er subst i tut i on of the express i ons i n the precedi ng sect i on, the endo-
mophi smf may bewr i t t en i n the fol l owi ng form.

PROPOSITION2. Thefunct i on def i ned i n (4.1 .1) maybe expressed as

f (K) = Ao +AIK+A2K2 +A. / (K- Ko) ,

�

(4 .1 .3)
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where the coef f i c i ent s aregi ven by

Ao = (s/a) [ 1 +c2Kl ,Q] (L +ace/D) - sa2c1,

Al = (1 - 8) +(s/ ,3) { -K - (c2/a2) (L +ace/D) } ,

A2 =s/Q,

A* = -s(c2a2Q/D) ,

and thes i ngul ar poi nt ( t above) i s

Ko =K+aj O/D.

4.2 . ProofofPropos i t i on 2

We wi l l demonst rat e the dynami cal rul e gi ven above i n s i x st eps .

St ep 1. Fi rst we observe:

p=ui (K - Ko) ,

where ul = -D/a2)3, and KO=K+ai /3/D.
Proof. From(GC2.21 a) of Sect i on 2 wehave

p= (al - rD) /a2

al

�

(K - K)D
P

a2 a2Q
f romwhi chwe obt ai n

p=uo+u1K,

whereu1 i s def i ned above, and

al Q+DK
uo

_

�

a2Q
Then St ep 1 fol l ows, wi th

a16+DK

�

a20

�

al ,6
Ko = -uo/ui =

�

a2,3

�

+D=D+K.

St ep 2. Cont i nui ng, we f i nd:

PL

�

ace +LD

K+

ac2 +LD

�

a

ai Q

�

al Q

�

K+L+D(c2

Nor th-South

Not e: Combi ni ng St eps
K. Combi ni ng wi th Propo:
the pr i mary var i abl es, KN,

di mens i onal model .
Proof. From(GC2.3a) of

pL=P(a~' +L)
p

and subst i tut i ng for Wf ron

pL=aPc2-c l +D

Usi ng St ep 1,

pL= ~D2 +L)

ace +LL
,3al

ace +LL
,3al

and subst i tut i ng for r f rom(GC2 .4a) above,

�

_ _ace +LL
,3ai

compl et i ng the der i vat i on .

St ep 3. Next , see that :

pK=-aQK2 +

Proof. FromSt ep 1 we h,

pK = pi (K-Ko

= pIK2
- Pi j

St ep 4. Put t i ng these togeth



No t e : Comb i n i ng St eps 1 and 2 , we have expr essed L as a f unc t i on o f
K. Comb i n i ng wi t h Propos i t i on 1 , we see t ha t t he evo l u t i on o f a l l f our o f
t he pr i ma r y va r i ab l es , KN , LN , KS and LS, a r e de t e rmi ned f romour one -
d i mens i ona l mode l .

Proo f. F rom(GC2 . 3a ) o f Sec t i on 2 we have

pL=p ( aE+L ) =aw+pL
P

and subs t i t u t i ng f or Wf rom(GC2 . 21b ) ,
pL = a pc2 - Cl +pL =

�

ace
+ L P___,ac l

D - (D )
Us i ng St ep 1 ,

ace
pL = (D+ L ) p i (K -

KO)
-

ac l
D

comp l e t i ng t he de r i va t i on .

St ep 3 . Nex t , see t ha t :
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- (D+L ) aPK+(D+L ) aPKo -Dl
- ace + LDK+ ace + LD (K+ a l , 3 ) - _ac l

Pa l Pa t D D

- ace + LD
K

+ ace +LD
K+ ace

+L - ac l
Pa l Pa l D D

_ace
+LDK+ ace+LD

K+L+ a c c
Pa l

�

Pa l� D ( 2 -

�

1) ,

pK

�

2PK2+ I 2PK+ a2J K
.

Proo f. F romSt ep 1 we have

pK = p i (K - Ko )K

= p l K2 _ P, KoK

0K
2+

20
[ - k

+aD
] K

=-DK2 +I DK+a1 IK.
a2P

�

La2P

�

a , 2
St ep 4 . Pu t t i ng t hese t oge t he r , we have
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pB=Co +CIK+C2K2,

where

C2 = 11A

_ ace +LD -

�

a
Co

aI ,a
K+L+D(c2-c l ) ,

CI
- - ac22 - c2L_ - K_ - al

al , (3D

�

al Q

�

, l 3

�

D ,

Proof. FromSect i on 2 (GC2.20a) we have

pB

�

c2L - a2K
- p

�

D

_ C2pL - a2 pK,

i n whi ch we may repl acepL wi th St ep 2, andpKby St ep 3, obt ai ni ng

where

whi ch i s St ep 5
=_

_c2

�

_ace+LD

�

ac2 +LD

�

a
pB

�

D{

�

al b

�

K+

�

al b

�

K+ L +
D(c2 - CI )

�

GNP=Go +GIK

whi ch i s St ep 4.

St ep 5. Si mi l ar l y , see that :

-a2{ -DK2 +[ DK+aIK}
2)3 a2,6 a2

2 ( c2 2

�

I~K - j aDD+ai ,3+~+D}K

+

f ac2 +LD
K+L

�

a

�

l

aIQ

�

+a(c2 - cl ) j ,

I=Io+I IK+I* / (K-Ko) ,

Io
_CIL acl c2

=_[ D
+

D2 ,

a
I I=D,

I*
- - a i a2C21

D3

Proof. FromSect i on 2 (C

aIK - CIL

where

Nor th-South

D
al a
D

K_ cl
D

j _

al K - CIL

D

aI K- CIL

D

aIK - CIL

D

DK- ID

Go = Co+Io=
aq
=

GI = Cl +I I=- I

G2 = C2 = 1 /Q,

G* = I* =_aPa2C~j

Proof. FromSect i on4 (4

GNP=pB+I ,

i n whi ch we may repl acepi

GNP=C2K2 +( (

whi ch compl et es our der i va

4.3 . Prel i mi nar i es on Quad,

In theprecedi ng sect i ons we
generat i ng a semi -cascade
the Nor th-South model . Thi



Proof. FromSect i on 2 (GC2.20b) we have

a1K - c1L

-

�

K- LI I aw
+L]

p
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D

a1K- c1L

�

acl w
D

�

D p

a1K-c1L _ act [

�

cl ~
D

�

D c2
p

a1K- c1L _ aCI c2

�

_a

�

1
D

�

D2 + D2 p

al _ c1L ac1c2 a~ 1

D
K

- [ D +

�

DZ

�

+ D2 pi (K - Ko) '

whi ch i s St ep 5

GNP=Go+GIK+G2K2 +G* / (K-KO) ,

where

_

�

- ace+LD -

�

cl

�

a

�

ac1C2
Go Co+Io

�

al b
K+(1 D)L+D(c2 - cl ) - DZ

G1 = Cl +I1=- [ aOD+di p+QJ
G2=C2=1/A

G* = I* = - af l a2C21 /D3 .

Proof. FromSect i on 4 (4.1 .2) we have

GNP=pB+I ,

i n whi ch we may repl acepBby St ep 4, and I by St ep 5, obt ai ni ng

GNP=C2K2+(CI+I I )K+(Co+Io)+I �

�

1
K

-Ko .
whi ch compl et es our der i vat i on.

4.3 . Prel i mi nar i es on Quadrat i c Maps

In theprecedi ng sect i ons wehave obt ai ned an endomorphi smof real numbers,
generat i ng a semi -cascade (di scret e dynami cal syst em) , for the dynami cs of
the Nor th-South model . Thi s one-di mens i onal model wi l l be useful to us, as
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we wi l l see l at er i n the study of our mai n ( two-di mens i onal ) model . Thi s i s
because dynami cs i n one di mens i on has been ext ens i vel y studi es, whereas
dynami cs i n twodi mens i on i s acur rent f ront i er . To rel at e thi s one-di mens i onal
model to the wel l known l ogi st i c map, wewi l l makeuse of the fol l owi ng.

PROPOSITION3. Aquadrat i c funct i on, f : R- - ; H, def i nedby

f (x) = Ao +. AIx +A2x2

wi th A2 0 Q and the di scr i mi nant A = (AI - 1) 2 - 4AOA2 > 0, has a
repel l i ngf i xedpoi nt at

B¡

�

(Al
2A2 1) +A2

wi th i t s di st i nct prei mage at Bo +BI , where

BI = -AI /A2 - 2Bo.

The a� f i ne funct i on

x :R-1,$?; yHx(y)=Bo+Bi y

i s an afne i somorphi sm, and conj ugat es f i nto the canoni cal formfor the
quadrat i c f ami l y

g(y) = x- I ( f (x(y) ) ) =Ay( 1 - y) ,
wi th

Fur thermore, the usual domai n of thi s l ogi st i c funct i on, y E J = [ 0,1] , i s
mapped to an i nt erval x E I = [ Bo, Bo +BI ] , i n the or i ent at i onpreserv i ng
case B¡ > 0, el se x E I = [ Bo + BI , Bo] , by thi s af cne i somorphi sm.

Proof. To comput e the next val ue of y under the conj ugat e map, we appl y
the i nversemap to y+,

y+ = -Bo
+

�

I x+
BI BI

and then wi th x Hy,

_ -Bi + BI Px)

_ -$i + BI [ Ao +AIx +A2x2] ,

A
y+ = -B¡ + A-¡ +1 (Bo +BIy) +_

�

A2
(Bo + Bl y)2

BI BI BI

�

BI

_

�

__Bo
+_

�

+ AI
Bo + A2 Bo

BI `

�

BI

�

BI

�

BI

+ [ AI + 2A2Bo] y + (A2BI )y2 .

Nor th-South

Nowwe equat e thi s wi th the

y+ = 9(y) = hy(1

t ermby t erm.
For degree zero,

Bo Ao AI_
BI

+
BI

+
BI

1

and as A2 0 0 and BI 0 0

A2Bo + (AI - 1)F

f romwhi ch, by thebi nomi E

B¡
__ (Al -1±

2A2

Not e: The quadrat i c equ;
of the map f , so the f yi el ,
two poss i bl e val ues for Bo

f ' (Bo) = AI + 2A

we choose the pos i t i ve s i gl
other root , wi th themi nus
a fol d bi furcat i on, and i ni t i
di st i nct prei mage i s Bo + 1

the cr i t i cal poi nt i s xe = -
For degree one,

p = AI +2A2Bo

and for degree two,

12 = -A2BI .

Subt ract i ng these two expr

BI = -A' - 2Bt
A2

compl et i ng the speci f i cat i c
s i on for p abovewe obt ai n

COROLLARY4. Gi ven th

f (x)=Ao+AIx

wi th A2 0, 0, and (AI - 1

AI -1+
Bo=-

2A2



dmensi onal ) model . Thi s i s
xt ens i vel y studi es, whereas

rel at e thi s one-di mens i onal
sake use of the fol l owi ng.

* f i t , def i ned by

- 1) 2 - 4AOA2 > 0, has a

the canoni cal formfor the

i nct i on, y E J = [ 0, 1] , i s
theor i ent at i on preserv i ng
mi ne i somorphi sm.
e conj ugat e map, we appl y

B2 (Bo +BIy)2BI
A2
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Nor th-South Tradeand theDynami cs of theEnv i ronment 93

Nowwe equat e thi s wi th the des i red canoni cal form,

y+ = g(y) =py(1 - y) =0+ I cy +( -p)y2
t ermby t erm.

For degree zero,

-Bo+B
+B,Bo+Bi B0=0,

and as A2 0 0 and BI 0 0

A2B2 +(AI - 1)Bo +Ao = 0

f romwhi ch, by thebi nomi al formul a,

B¡

�

(Al -1 t0)
2A2

Not e: The quadrat i c equat i on for Bo here i s the condi t i on for a f i xed poi nt
of the map f , so the f y i el ds the two f i xed poi nt s. As the s l ope of f at these
two poss i bl e val ues for Bo i s

f ' (Bo) = AI +2A2Bo = 1 t A

we choose the pos i t i ve s i gn for the repel l i ng f i xed poi nt . I f Bo denot es the
other root , wi th the mi nus si gn, then thi s i s thepai red f i xed poi nt , creat ed by
a fol d bi furcat i on, and i ni t i al l y at t ract i ve, for Asmal l and pos i t i ve . Then i ts
di st i nct prei mage i s Bo +Bi , whereBI = -AI /A2 - 2Bo. Al so, not e that
the cr i t i cal poi nt i s xe = -AI /2A2 .

For degree one,

p =AI +2A2Bo

and for degree two,

u =_A2BI .

Subt ract i ng these two express i ons and sol v i ng for BI

BI
_AI
A2

2A2

2Bo

compl et i ng the speci f i cat i on of the af f i ne i somorphi sm. Fromthe f i rst expres-
s i on for p above we obt ai n i t s form i n the propos i t i on.

�

p

COROLLARY4. Gi ven thefunct i on f : R\ { t } - -4 f i t , def i nedby

f (x) = Ao +AIx +A2x2 +A. / (x - . t )

wi th A2 54, 0, and (AI - 1) 2 > 4AOA2, then y ~-+ x = Bo +BI y wi th

AI -1+A
Bo = -
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and

Bi = -A1/A2 - 2Bo

i san af f i ne i somorphi sm, andconj ugat es f to thecanoni cal formg : H\ IV}
R, wi th

g(y) =X-1 ( f WY) ) ) =my(1- y) +VAY - y)

wi th v =A* /B2, y = t /Bl - Bo/Bi = x-1 ( . t ) , and IL +Aas above. And
as above, the usual domai n of the l ogi st i c funct i on, y EJ = [ 0, 1] , assumi ng

y 0 J, i s agai n mapped to the i nt erval , x E I = [ Bo, Bo +BI ] , by the af f i ne
i somorphi sm.

Proof. The quadrat i c t erms are conj ugat ed as shown, accordi ng to Propo-
s i t i on 3 above. For the l ast t erm, see that

(1/B1)A*~ =

�

v
x

y - y

wi th whi ch, the formul a for g i s obt ai ned .

�

o
Remark. I f the s i ngul ar poi nt l i es out s i de the i nt erval J , then thi s i nt erval

�

Fi gure 2a. Graphof the one-di me
as approx i mat el y the i nvar i ant i nt erval def i nedby the i ni t i al l y repel l i ng f i xed

�

at the l ef t . Thi s i s the s i ngul ar i t y , s

poi nt and i t s di st i nct prei mage. In case the poi nt y l i es to the r i ght of the
i nt erval J , the domai n of g shoul d be reduced to the subi nt erval J* def i ned
by theexpandi ng f i xedpoi nt and i t s nearby prei mage. In case y l i es to the l ef t
of J, then the i nt erval may be i ncreased to J* . The case wi th y i n the i nt erval
shown i n Fi gure 2.

The i nvar i ant i nt erval of g, J* , i s not i dent i cal to the ref erence i nt erval ,
J = [ 0, 1] unl ess v =0. Li kewi se, wehave an i nt erval for f , I * , not i dent i cal
to the cor respondi ng ref erence i nt erval , I = [ Bo, Bo +Bi ] .

In summary, we see that i n the case i n whi ch the s i ngul ar poi nt i s out s i de
the i nt erval of i nt erest , our one-di mens i onal model must behave exact l y l i ke
the wel l -known l ogi st i c (or quadrat i c) map, wi th a convergent sequences of
per i od-doubl i ng bi furcat i ons, and chaot i c at t ractors . In the other case (whi ch
occurs wi th reasonabl e val ues of our numerous paramet ers) the behav i or
shoul d be s i mi l ar. Thi s i s di f f i cul t (but poss i bl e) to est abl i sh anal yt i cal l y , but
we wi l l use s i mul at i on i nst ead.

4.4. Si mul at i ons

We now est abl i sh that , i ndeed, the behav i or of our one-di mens i onal model
i s that of the f ami l i ar l ogi st i c funct i on, even though the s i ngul ar i t y f al l s i n
the domai n of the mhp. We begi n by f i x i ng val ues for the many paramet ers
appear i ng i n thi s dynami cal syst em. Fi rst , l et b =0.1 and s = 0.08. For the

Fi gure 2b. Graphof theone-di me
i n themap.



canoni cal formg : f i t \ {y} -+

~t ) , and i s +0 as above. And
i on, y E J = [ 0, 1] , assumi ng
= [ Bo, Bo +B1] , by the af f i ne

.s shown, accordi ng to Propo-

0
e i nt erval J, then thi s i nt erval
by the i ni t i al l y repel l i ng f i xed
Di nt y l i es to the r i ght of the
to the subi nt erval J* def i ned
i mage. In case y l i es to the l ef t
The case wi th y i n the i nt erval

t i cal to the ref erence i nt erval ,
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;o, Bo +BI ] .
h the s i ngul ar poi nt i s out s i de
odel must behave exact l y l i ke
i th a convergent sequences of
ctors . In the other case (whi ch
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- ) to est abl i sh anal yt i cal l y , but
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though the s i ngul ar i t y f al l s i n
dues for the many paramet ers
S=0.1ands=0.08. For the
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tNnnl I ,MI e1911nr ,

Fi gure 2a. Graph of the one-di mens i onal model wi th 0 < x < 163 . Not e the gap i n the graph
at the l ef t . Thi s i s the s i ngul ar i t y , shown enl arged i n Fi gure 3 .

Mui 1 I ,e IMI aI v i "

Fi gure 2b. Graph of the one-di mens i onal model wi th 0 < x < 20, i l l ust rat i ng the s i ngul ar i t y
i n the map.
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others, our gui de wi l l be t abl e (c) onpage44 of [ 3] , except for the s i gn of ,6
whi ch we reverse. Thus, i n the Nor th,

al = 2,

�

K= 12,
a2 =0.15, L = 0.5,
c l = 1 .8,

�

a= 6,

c2 = 1 .7,

�

, (3 = -9.7 .

These are chosen so that p, r , w, L, K, B, I > 0 i n each regi on . Not e that
the cont rol paramet er p, i n the t ransformed dynami cal syst emdepends upon
al l of these val ues . Theder i ved const ant s are then approx i mat el y :

D=3 .13
A0 = -0 .058524, B0 =0.167727,

Al = 1 .350306,

�

Bo =42 .306847,

A2 = -0 .008247, Bi =79 .110881,
A* =0.1201,

�

BI = 163 .389119,

wi th the s i ngul ar i t y at x = 5.801917 and the at t ract i ng f i xed poi nt at
42 .316339, see Fi gures 2a and 2b.

The response di agramfor funct i on f of (4 .1 .1) - wi th al l t he paramet ers
f i xedwi th theseval ues except for a, whi ch i s regarded as thecont rol paramet er
i n the s i mul at i on - i s the f ami l i ar orbi t di agramfor the quadrat i c f ami l y, as
shown i n Fi gure 3 .

5. Two-Di mens i onal Model s

In the f i rst dynami cal syst emstudi ed above, we hadan evol ut i on i n theNor th
var i abl es, whi l e the Southvar i abl es were to be det ermi ned f romthei r Nor thern
s i bl i ngs by an al gebrai c rel at i on . Wenowwant to cons i der amore symmet r i c
dynami c, i n whi ch the cor respondi ng var i abl es i n both regi ons are i n mutual
coevol ut i on.

5 .1 . APrel i mi nary Model

Here we rewr i t e the one-di mens i onal model as a two-di mens i onal model
wi thout changi ng the dynami cs for KN. That i s, i nst ead of obt ai ni ng Ks
f romKNaf t er each t i mest ep by conj ugat i on wi th the af i i ne i somorphi smof
Propos i t i on 1, whi ch assumed a rapi d set t l i ng to st at i c equi l i br i um, we wi l l
der i ve a semi -cascade for Ks paral l el to that of KN.

FromPropos i t i on 1 we have

Ks =Ho +Hi KN,

�

(5 .1)

whi l e f romPropos i t i on 2,

KN(n+ 1) = f (KN(n) ) ,

Nor th-South

Fi gure 3.

�

Response di agram
f ami l i ar f i gure for the quadrat i c
dynami cal syst em. Each val ue
a par t i cul ar map generat i ng th
at t ractor of thedynami cal syst ei
(as i n equi l i br i um theory) , per i l
i n economi c dat a) .

or wr i t i ng fNi n pl aceof .

KN= fN(KN) "
Not e that the i nverse of P:

KN= Ks - Ho
Hi

We nowappl y the map
(5 .3) to the r i ght s-hand si i
i ng resul t .

PROPOSITION5. The d
for Ks, whi ch may be ex]

Ks(n + 1) = fs
where the generat i ng end

fs(y) =Aos + .



of [ 3] , except for the s i gn of 0

> 0 i n each regi on . Not e that
mami cal syst emdepends upon
hen approx i mat el y :

the at t ract i ng f i xed poi nt at

.1 .1) - wi th al l t he paramet ers
garded as the cont rol paramet er
un for the quadrat i c f ami l y, as

-e had an evol ut i on i n theNor th
det ermi ned f romthei r Nor thern
. t t o cons i der amore symmet r i c
,s i n both regi ons are i n mutual

1 as a two-di mens i onal model
at i s, i nst ead of obt ai ni ng Ks
wi th the af f i ne i somorphi smof

to st at i c equi l i br i um, we wi l l
of KN.
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Fi gure 3.

�

Response di agram for the one-di mens i onal model wi th 6 < a < 8. Thi s i s the
f ami l i ar f i gure for the quadrat i c f ami l y. Thever t i cal ax i s i s the domai n of the one-di mens i onal
dynami cal syst em. Each val ue of the cont rol paramet er a det ermi nes a ver t i cal i nt erval , and
a par t i cul ar map generat i ng the dynami c . The whi t e poi nt (or set of poi nt s) i s the uni que
at t ractor of thedynami cal syst emfor thegi ven val ueof the cont rol paramet er : a poi nt at t ractor
(as i n equi l i br i umtheory) , per i odi c at t ractor (as i n bus i ness cyc l es) , or achaot i c at t ractor (as
i n economi c dat a) .

We nowappl y themapof (5 .1) to the l ef t -hand s i deof (5 .2) , and i t s i nverse
(5 .3) to the r i ght s-hand si de, as i n the proof of Propos i t i on 3, wi th the fol l ow-
i ng resul t .

PROPOSITION5. The dynami c (5.2) for KNi mpl i es a conj ugat e dynami c
for Ks, whi ch may be expressed,

Ks (n + 1) = fs(Ks(n) )

�

or Ks = fs(Ks) ,
where thegenerat i ng endomorphi smi s

1
f s(y) =Aos +Ai sy +A2sy2 +A*s-

y - y

or wr i t i ng fNi n pl ace of f ,

KN= fN(KN) . (5 .2)
Not e that the i nverse of Propos i t i on 1 i s

-
KN

Ks Ho= (5 .3)
Hl
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and the coef f i c i ent s aregi ven by
H2

Aos = Ho +Hl Ao - AI Ho +A2HI ,

AI s = AI - 2A2
Ho
H

A2s = HI ,

A*s = Hi A* ,

9 = HO+KNHI .

Not e: Gi ven Ks and al l the paramet ers, we obt ai n al l t he var i abl es . But ,

we wi l l use di f f erent val ues for the paramet ers i n the South: agai n, as i n

Sect i on 4.4, we l et 5 = 0.1 and s = 0.08. For the others, we agai n ref er to

t abl e (c) on page 44 of [ 3] , except for the s i gn of Qwhi chwe reverse. Thus,

i n the South,

a1 = 4.5,

�

K= 2.7,
a2 =0.02, L = -2,

cl =0.01, a= 75,
c2=3, Q=-0 .025 .

These are chosen so that p, r , w, L, K, B, I > 0 i n each regi on . Not e that the

cont rol paramet er Mi n the t ransformed dynami cal syst emdepends upon al l

of theseval ues . The der i ved const ant s are then approx i mat el y:

D= 13 .5

A* =0.0000000008, BI = 0 .013018,

wi th thes i ngul ar i t y at t = 2.691667 andtheat t ract i ng f i xedpoi nt at 2.694576 .
Proof. FromPropos i t i on 1 we have

wi th i nverse

Ks =Ho +HIKN

Ks - HoKN=
HI

,

whi l e f romPropos i t i on 2,

KN(n+ 1) = fN(KN(n) ) .

or equi val ent l y ,

Nor th-South S

As i n the proof of Propos i
i t s i nverse to thi s equat i on, g

KS = Ho +HI K1

= Ho +HI f ( "

= Ho+HI f

= Ho + HI Ao

+
HIA* (K

= Ho +HI Ao

+H1A*
Ks

f romwhi ch the propos i t i on f c

We may appl y the Corol l ary
dynami cal syst ems (4 .2) and ( :
l ogi st i c endomorphi sm,

kN - ANkN(1 - kN,

hs = l t sks( l - hs) -

both on the uni t i nt erval , wi th

I - IN = 1 +

�

(AIN -

ILs = 1 +

�

(AIS - 1

vN = A*N/BIN,

vs =A*s/BIS.

That i s, we have i n thi s mo
l ogi st i c maps, each of the form

f (K)=(1-8)K+s

f (K) = (1 - 8)K+s
Wenowseek to coupl e themth

Ao = -750 .642844, Bo = 2.691218,

AI = 558.498719, Bo =2.694575,

A2 = -103 .512843, BI =0.006303,



e obt ai n al l t he var i abl es . But ,

t ers i n the South: agai n, as i n

) r the others, we agai n ref er to
n of Qwhi ch we reverse. Thus,

> 0 i n each regi on . Not e that the
api cal syst emdepends upon al l
sn approx i mat el y :

18,
575,
303,
48,

l t t ract i ng f i xed poi nt at 2.694576.
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As i n theproof of Propos i t i on3, wenowappl y the af f i ne i somorphi smand
i t s i nverse to thi s equat i on, get t i ng

K
s
+ -

-

vs = A*s1B1s .

Ho +HIKN

Ho +HI f (KN)

Ho +Hl f C
Ks

-

Ho)

Hl
2

Ho +Hl Ao +Hl A1
Ks -

Hl

Ho
+Hl A2

Ks - HO] 2

Hl
1

+HA(Ks -
Ho) IHl - Ko

= Ho +HIAo +A1(Ks - Ho) +H(KS - 2HoKs + Ho)
1

1
+Hi A* Ks-Ho-KoHl

f romwhi ch the propos i t i on fol l ows .

�

O

We may appl y the Corol l ary of Propos i t i on 3 i ndependent l y to each of the
dynami cal syst ems (4 .2) and (5 .1) , obt ai ni ng the (uncoupl ed) two-di mens i onal
l ogi st i c endomorphi sm,

kN= MNkN(1 - kN) + vNI (kN - kNo) ,

hs =psks(1 - hs) +vs l (ks - kso) ,

both on the uni t i nt erval , wi th

MN= 1 +

�

(Aj N - 1) 2 - 4AONA2N= 1 + AN,

ILs = 1 +

�

(Al s - 1) 2 - 4AOSA2s = 1 + Osi

vN =A*NIBIN,

That i s, we have i n thi s model a mi nor modi f i cat i on of two (uncoupl ed)
l ogi st i c maps, each of the form

f (K) = (1 - S)K+s(GNP) ,

or equi val ent l y ,

f (K) = (1 - b)K+s(pB+I ) .

We nowseek to coupl e themthroughp.
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5 .2 . The Mai n Model

We wi l l work wi th an endomorphi smof the pl ane

T : R2 -+ R2 ; (KN, Ks) ' -+ (KN, Ks )

def i ned as i n the one-di mens i onal model by

KN=SN(pBN+ IN) + ( I - 6N)KN,

Ks =SS(pBs + Is) + ( I - bs)Ks,

(5 .2 .1)

(5 .2 .2)

where the t erms of t rade, p, are the same i n both regi ons, because market s

are compet i t i ve. These equat i ons predi ct growth of capi t al stock i n one f i scal

per i od . As before, pB+I i s the GNP(gross nat i onal product ) , s i s the sav i ngs

rat e, and S i s deprec i at i on. In our s i mul at i ons, we wi l l use s ; z : ; 12/ 100, and

b ,z:~ 10/ 100, and for both regi ons .
The t i me evol ut i on of al l of thevar i abl es i n each syst emi s to be found by

the i t erat i on of themappi ng T, begi nni ng wi th any i ni t i al st at e, (KN, KSO) -To
compl et e the def i ni t i on of the endomorphi smTand thus the dynami cs of the
model , we expl ai n the det ermi nat i on of the i nt ermedi at e var i abl es, p, B, I , i n

each regi on . These are det ermi ned by equat i on (GC2.22) of [ 3] modi f i ed as
fol l ows :

ON = 0,

�

KN=KN;

�

Qs =0,

�

Ks =Ks .

We recal l , f rom[ 3] , the equat i on
ATp2 + (CT+ ID)p - VT = 0,

�

(GC2.22)

where here A = Oai a2/D2 , and Cand V are def i ned bel ow. Equat i on
(GC2 .22) then becomes, wi th O=0 i n each regi on,

(CT +IT)p-VT=O,

�

(5 .2 .3)

us i ng the convent i on of Sect i on 2. Here, the symbol i c express i ons C, Vand
ID, are def i ned by

wherey C (0,1) . In f act , wewi l l choose y ; zt; 60/ 100. In any case, we woul d
l i ke s + (1 - y) Ç1 . Not e that Ci s a funct i on of Ki n each regi on, Vi s
a const ant , and GNP i n the express i on for ID i s to be det ermi ned f romthe
formul a GNP= pB+ I . Equat i on (5 .2 .6) i s the assumpt i on that demand
for i ndust r i al goods i s propor t i onal to GNP, as descr i bed above, i n each
regi on. Thi s t reat s the two goods, Band I , symmet r i cal l y. Not e that the
val ues of Band I are di rect l y comput ed as funct i on of K( i n each regi on) by

Equat i ons (3 .1) and (3 .2) , but
avai l abl e. We obt ai n thi s val u,
i n the st at i c model as descr i be

Once p i s det ermi ned, we
t i on (4 .1 .2) , and equat i ons (G
as :

for each regi on . Not e that Eqi
but our express i on (5 .2 .7) abo-v
we obt ai n a quadrat i c equat i on

We begi nby rewr i t i ng (5 .2 ._

and us i ng (5 .2 .7) , thi s y i el ds
ETp2

+ (CT +FT)p - i
where

Nor th-South Tr

GNP = p(c2L - a2 F.

-_ p(ac2/D2 +

+ [ -2acIC2,

p[ CT+(1-y) GNP] -

E= (1 - , y) [ act /D2 -

F= (1 - y) [ -2ac j c2i

G= (1 - y) ac2 D2.1 1

Thus, comput i ng L f rom A
quadrat i c equat i on (5 .2 .9) are k
two real root s, we choose the l ai
(5 .2 .7) we have GNPi n each n
compl et e .

An i nt erest i ng s i mpl i f i cat i on
i ng rK for GNP i n the dynam
t i ons (5 .2 .1) and (5 .2 .2) . Thi s thi
andwe may return to i t i n a futu

5.3 . Si mul at i on Resul t s

For the f i rst two-di mens i onal m4
ure 4. Throughout thi s sect i on, t
Sect i on 4.4 ( for theNor th) and S
the f i gure capt i ons .

C= (1/D) [ c i L - al K+ aCIC2/D] , (5 .2 .4)

V= ac, ID
2 , (5 .2 .5)

I D= GNP(1 _,y) , (5 .2 .6)



oth regi ons, because market s
hof capi t al stock i n one f i scal

i onal product ) , s i s the sav i ngs

we wi l l use s -_ 12/100, and

each syst emi s to be found by
any i ni t i al st at e, (KN, KS) . To
Fand thus the dynami cs of the
ermedi at e var i abl es, p, B, I , i n

n (GC2.22) of [ 3] modi f i ed as

Ks =KS.

are def i ned bel ow. Equat i on
-egi on,
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(5 .2 .1)

(5 .2 .2)

(GC2.22)

(5 .2 .3)

(5 .2 .4)

(5 .2 .5)

(5 .2 .6)

s 60/ 100. In any case, we woul d
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Equat i ons (3 .1) and (3 .2) , but the val ue of p i n thi s express i on i s not di rect l y
avai l abl e. We obt ai n thi s val ue, assumi ng the rapi d approach to equi l i br i um
i n the st at i c model as descr i bed i n Sect i on 1, as descr i bedbel ow.

Once p i s det ermi ned, we obt ai n the GNP, whi ch i s gi ven by Equa-
t i on (4 .1 .2) , and equat i ons (GC2.20a,b) , (GC2.21a) , and (GC2.3) f rom [ 3] ,
as :

for each regi on . Not e that Equat i on (5 .2 .3) det ermi nes p i f GNPi s known,
but our express i on (5 .2 .7) above requi res p. When thi s c i rcul ar i t y i s resol ved,
we obt ai n a quadrat i c equat i on for p wi th al l coef f i c i ent s known.

We begi nby rewr i t i ng (5 .2 .3) , us i ng (5 .2 .6) , i n the form

p[ CT + (1 - -y)GNP] - VT= 0,

�

(5 .2 .8)

and us i ng (5 .2 .7) , thi s y i el ds

where

and

GNP = p(c2L - a2K) /D+ (a1K - c1L) /D

= p(ac2/D2 +c2L/D - a2K/D]

+ [ -2ac i c2/D2 +a1K/D- c1L/D] + aci /D2
P (5 .2 .7)

ETp2 +(CT+FT)p+(GT - VT) =0,

E= (1 - y) [ ace/D2 - (a2K+c2L) /D] ,

F= (1 - ' Y) [ -2ac i c2/D2 +a1K/D - c1L/D] ,

G=( I - y)ac i ID2.

(5 .2 .9)

Thus, comput i ng L f romK i n each regi on, al l t he coef f i c i ent s of the
quadrat i c equat i on (5 .2 .9) are known. We sol ve thi s equat i on, and i n case of
two real root s, wechoose the l arger one for the cur rent val ue of p. Then f rom
(5 .2 .7) we have GNP i n each regi on, and the speci f i cat i on of the map T i s
compl et e.

An i nt erest i ng s i mpl i f i cat i on to our mai n model resul t s f rom subst i tut -
i ng rK for GNP i n the dynami cal rul es for the 2Dendomorphi sm, Equa-
t i ons (5 .2 .1) and (5 .2 .2) . Thi s thi rdmodel has been studi edby Di Mat t eo [ 10]
and we may return to i t i n a future publ i cat i on.

5 .3 . Si mul at i on Resul t s

For the f i rst two-di mens i onal model , the response di agram i s shown i n Fi g-
ure 4. Throughout thi s sect i on, the val ues of al l the const ant s are as gi ven i n
Sect i on 4.4 ( for theNor th) andSect i on 5 .1 ( for the South) except as not ed i n
the f i gure capt i ons .
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Fi gure 4.

�

Response di agram for the f i rst of the two-di mens i onal model s. Here we vary
aN f rom31 to 49 whi l ehol di ng as f i xed at 20 . The hor i zont al ax i s represent s the cont rol
paramet er , aN, whi l e the ver t i cal ax i s represent s the Nor th capi t al suppl y, KN, af t er several
i t erat i ons. The i nt erpret at i on of thi s di agrami s i dent i cal to that of Fi gure 3, except that here
the ver t i cal ax i s i s theone-di mens i onal proj ect i on of a two-di mens i onal st at e space.

I t i s here that our exper i ence wi th the one-di mens i onal model i s pedagog-
i cal l y useful , as we see a st rong si mi l ar i t y i n the response di agrams . In thi s
case, we have a two-di mens i onal st at e space, of the var i abl es KNand KS,
and a one-di mens i onal cont rol space, of the cont rol paramet er , aN. Thus,
the response di agram i s three-di mens i onal . But here we have reduced i t to
a two-di mens i onal graphi c by proj ect i on. The ver t i cal ax i s represent s the
two-di mens i onal st at e space (of the capi t al stocks i n Nor th onl y) , and the
hor i zont al ax i s i s the cont rol space of the env i ronment al var i abl e aN. As the
two equat i ons of the f i rst two-di mens i onal model are uncoupl ed, thi s pro-
j ect i on gi ves us exact l y the response di agramof the one-di mens i onal model

Nor th-Sm

Fi gure 5. Response di agram
as f rom40 to 90 whi l e hol d
paramet er , as . Both Nor th ai
of the response di agram i s c
(hor i zont al ax i s) there cor re,
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ei ther a poi nt (st at i c at t racto
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of the proj ect i ons : KNand

studi ed above, that i s,
between these two f i gi
per i od doubl i ng bi furc
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i ronment al var i abl e aN. As the
nodel are uncoupl ed, thi s pro-
~ of the one-di mens i onal model

Nor th-South Trade and the Dynami cs of the Env i ronment 103

Fi gure S. Response di agramfor the second of the two-di mens i onal model s . Here wevary the
as f rom40 to 90 whi l e hol di ng the aNf i xed at 6. Thehor i zont al ax i s represent s the cont rol
paramet er , as . BothNor thandSouth capi tol stocks are pl ot t ed on the ver t i cal ax i s. Thi s v i ew
of the response di agram i s const ruct ed as fol l ows . For each val ue of the cont rol paramet er
(hor i zont al ax i s) there cor responds a dynami cal syst emon the st at e space, a rect angl e i n the
pl ane of the st at e var i abl es KNandKs . Thi s di scret e dynami cal syst emhas asi ngl eat t ractor ,
ei ther a poi nt (st at i c at t ractor ) , a f i ni t e poi nt set of k > 1 poi nt s (a k-per i odi c at t ractor ) , or
an i nf i ni t e set (chaot i c at t ractor ) . In any case, we (st ep 1) proj ect thi s at t ractor onto the KN
axi s, then (st ep 2) proj ect thi s at t ractor onto the Ks axi s, and then (st ep 3) super i mpose both
proj ect i ons onto the same i nt erval of real numbers . Fi nal l y (st ep 4) , thi s pi cture i s i nser t ed i nto
the response di agramas aver t i cal l i ne segment over the chosen val ue of the cont rol paramet er.
Not e that there are two f i gures, s i mi l ar to Fi gure 4, whi ch are super i mposed here, one for each
of theproj ect i ons : KNand Ks .

studi ed above, that i s, Fi gure 3. (Some of the paramet ers di f f er , however ,
between these two f i gures. ) We see, at the l ef t of the response di agram, a
per i od doubl i ng bi furcat i on, fol l owed by the f ami l i ar convergent sequences
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Fi gure 6.

�

Ahi stogramof the at t ractor i n the two-di mens i onal st at e space of KN and Ks,
for apar t i cul ar val ue of the cont rol paramet er , as =80 . Thehor i zont al ax i s represent s val ues
of KN, the ver t i cal , Ks . Thebar on the l ower l ef t shows the gray scal e code, f rombl ack (no
poi nt s of the t raj ectory i n auni t area) to whi t e (max i mumnumber of t raj ectory poi nt s i n auni t
area) .

of s i mi l ar event s . As we see thi s i n proj ect i on, we may underst and that there
i s aper i odi c at t ractor i n the two-di mens i onal st at e spaceof the var i abl es KN
and KS, whi chprogress i vel y becomes more and more compl ex, and f i nal l y ,
f i l l s a subset of the pl ane chaot i cal l y. St ar t i ng f romany i ni t i al val ues of the
two capi t al suppl i es, the t i me sequence of subsequent val ues approaches thi s
at t ractor asymptot i cal l y.

But the second two-di mens i onal model i s our mai ngoal i n thi s paper. And
for thi s model , the bi furcat i on di agrami s shown i n Fi gure 5.

For some val ues of the var i ous paramet ers, we f i nd a s i ngl e bas i n, wi th a
chaot i c at t ractor . Theat t ractor por t rai t for one such case i s shown i n Fi gure 6.

Nor th-Soul

Fi gure 7.

�

The twobasi ns of at t r
as set to 17 .5 andaNto 1 .5 . In :
than 0 .02 and 0.01 as i n Fi gure 6.
them compr i se the other bas i n,
at t ractor , i n t erms of number of i t

Not e that thi s at t ractor i s c
i ndi cat i ng that the one-di l r
these val ues of the paramet

For other val ues of thep,
two or more bas i ns . Theba:
Thi s por t rai t has twobas i ns
are separat ed by a f ract al b
i ndi cat es a si gni f i cant di f f c
arenecessar i l y monost abl e

6. Concl us i on

We i nt roduced and devel op
and studi ed i t s gl obal dynE



i s i onal st at e space of KN and Ks,
he hor i zont al ax i s represent s val ues
the gray scal e code, f rombl ack (no
number of t raj ectory poi nt s i n auni t

we mayunderst and that there
at e space of the var i abl es KN
i d more compl ex, and f i nal l y ,
f romany i ni t i al val ues of the
equent val ues approaches thi s

t r mai n goal i n thi s paper . And
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Fi gure 7.

�

The twobasi ns of at t ract i on us i ng the second of the two-di mens i onal model s wi th
as set to 17.5 andaNto 1 .5 . In addi t i on, the South' s a2 and cl are set to 0.05 and0.04 rather
than 0.02 and0.01 as i n Fi gure 6. Thedarker bands bel ong to onebas i n. Thewedges between
themcompr i se the other bas i n, and are shaded accordi ng to howf ar each poi nt i s f rom the
at t ractor , i n t erms of number of i t erat i ons .

Not e that thi s at t ractor i s c l osel y approx i mat ed by a st rai ght l i ne segment ,
i ndi cat i ng that the one-di mens i onal model i s surpr i s i ngl y good, at l east for
these val ues of the paramet ers .

For other val ues of the paramet ers, we f i nd mul t i st abi l i t y. That i s, there are
two or more bas i ns . The bas i npor t rai t for one such case i s shown i n Fi gure 7.
Thi s por t rai t has two basi ns, each cont ai ni ng a poi nt at t ractor . The two bas i ns
are separat ed by a f ract al boundary. Thi s por t rai t i s radi cal l y nonl i near , and
i ndi cat es a si gni f i cant di f f erence f rom the one-di mens i onal model s, whi ch
are necessar i l y monost abl e ( that i s, they have a si ngl e at t ractor ) .

6. Concl us i on
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We i nt roduced and devel oped a dynami c vers i on of the Nor th-South model
and studi ed i t s gl obal dynami cs . Our methodol ogy was to repl ace the st a-
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t i c capi t al endowments i n the Nor th-South model by a process of capi t al

accumul at i on and depret i at i on through t i me. Af t er showi ng that thi s l eads to

a wel l -def i ned dynami cal syst emon the pl ane, we studi ed the evol ut i on of

t rade and the env i ronment through the gl obal dynami cs of the syst em. We

showed that there i s a cruc i al paramet er whi ch expl ai ns gl obal dynami cs :

thi s i s the regi me of proper t y r i ght s for env i ronment al asset s i n devel opi ng
count r i es, i .e . i n the regi on we cal l the South. We showed that the l ess wel l -
def i ned are these proper t y r i ght s, the more chaot i c i s the model . We studi ed

the par t i cul ar charact er i st i cs of thi s chaot i c syst em.
In a future devel opment we hope to expl ore the gl obal c l i mat e i n rel at i on

wi th i nt ernat i onal t rade. In thi s cont ext , the common proper t y resource i s
the pl anet ' s atmosphere, whi ch i s used as an i nput to product i on, for exam-
pl e, i n the combust i on of foss i l fuel s (oi l ) . Aby-product of thi s combust i on
i s C02 . In thi s case we woul d study not one but two separat e but c l ose-
l y i nt eract i ng dynami cal syst ems on the pl ane: i nt ernat i onal t rade and the
bi osphere (atmospher i c chemi st ry, sol ar radi at i on, bi ol ogi cal gas exchange,
ocean dynami cs, wat er reservoi rs, c l i mat e, et c . ) . Especi al l y , we wi l l expl ore
the greenhouse gas exchange between (1) the atmosphere, (2) human popu-
l at i ons (whi ch i nhal e oxygen and exhal e carbon di ox i de, both by breathi ng
and by i ndust r i al act i v i t i es) , and (3) bi omass and bodi es of wat er , whi ch act
as CO2 reservoi rs .

Asi mpl e bi osphere model for begi nni ng the study of thi s connect i on i s
thedai sy-wor l dmodel of Watson andLovel ock. Thi s model achi eves c l i mat e
regul at i on wi th two cooperat i ng speci es of "dai s i es" : bl ack dai s i es (pref er r i ng
cool but maki ng warmth) and whi t e dai s i es (pref er r i ng warmbut maki ng
cool ) . One can repl ace one speci es of dai s i es by human i ndust ry, and by
doi ngso ext end the anal ys i s of thi s paper to cons i der two coupl eddynami cal
syst ems : the dynami cal Nor th-South syst emand the modi f i ed dai sy-wor l d
syst emj ust descr i bed . Thedynami cal Nor th-South model wi l l beext ended to
threedi mens i ons : K, LandE. See [ 2] for thi s ext ens i on i n ast at i c f ramework.

Not es

1 :

�

See al so [ 6] .
2.

�

See Equat i on (4.1 .1) .
3.

�

More det ai l s aregi ven i n Sect i on 1 .3 bel ow.
4.

�

These are st andard exogenous paramet ers, common to al l general equi l i br i um model s:
t echnol ogi es, suppl i es of i nput s, i .e. capi t al and env i ronment , and the pref erences i n the
two regi ons .

5.

�

The Nor th-South model canbe sol ved anal yt i cal l y by a si ngl e " resol v i ng" equat i on [ I ] .
Thi s means that , knowi ng the exogenous paramet ers we can comput e expl i c i t el y the
equi l i br i umval ues of the model .

6.

�

GNPi s the val ue of the output s mi nus the val ue of the i nput s . In other words: i t i s t he
i nner product of the equi l i br i umpr i ces wi th the di f f erence between output s and i nput s at
an equi l i br i um.
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